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Abstract: We construct an -deformation of W algebras, corresponding to the addi-
tive version of quiver Wq,t−1 algebras which feature prominently in the 5d version of the
BPS/CFT correspondence and refined topological strings on toric Calabi-Yau’s. This new
type of algebras fill in the missing intermediate level between q-deformed and ordinary
W algebras. We show that -deformed W algebras are spectral duals of conventional W
algebras, in particular the -deformed conformal blocks manifestly reproduce instanton
partition functions of 4d N = 2 quiver gauge theories in the full Ω-background and give
dual integral representations of ordinary W conformal blocks.
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1 Introduction
Any quantum field theory gives rise to an algebra of operators acting on its Hilbert space.
The virtue of supersymmetric gauge theories is that for a certain BPS subsector of the
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Hilbert space, the algebra can often be written explicitly. For 4d N = 2 quiver gauge
theories, the main focus of this paper, the space of supersymmetric states is described
by the (equivariant) cohomology of instanton moduli spaces [1–6]. The resulting algebra
describes the action of certain correspondences on the cohomology and is known as the
spherical Hecke algebra or affine Yangian [7–9]. Equivalently, it can also be understood as
the W1+∞ algebra [10, 11] of currents of all spins from one to infinity (see e.g. [12] for a
review and [13] for its appearance in AdS/CFT). For a fixed representation, only the first
few currents are independent while the others can be expressed through them: these form
the W algebra familiar from the 2d CFT context [14]. The most direct connection between
4d N = 2 gauge theories and W algebras goes perhaps through the AGT relation [15–
17], namely the identification of W conformal blocks with partition functions of class S
theories [18] in the Ω-background. This is a remarkable corner of a more general framework
known as the BPS/CFT correspondence [19–29], which allows the BPS sector of gauge
theories with extended supersymmetry to be studied through 2d CFT or integrability
inspired methods [20–23]. In this paper we explore yet another corner, giving an orthogonal
or dual perspective on the AGT correspondence, at least when class S theories and unitary
quiver gauge theories overlap.
In fact, while the AGT philosophy relies on the description of class S theories through
Gaiotto’s curve, our starting point is, following [30, 31], closer to Seiberg-Witten (SW)
technology [32, 33]. This change of perspective leads to a double quantization of the SW
geometry when the Ω-background is fully turned on [34] and to introduce a new type of
algebras associated to 4d N = 2 quiver gauge theories which we call W1,2 algebras. We
show how this algebraic structure is directly connected to instanton calculus and hence why
it is useful for computing partition functions of quiver gauge theories (possibly coupled to
defects). Moreover, we also explain how this type of algebras can be thought as spectral
dual of ordinary W algebras, hence featuring joint conformal blocks in which (roughly
speaking) the notion of positions and conformal weights is exchanged. This can be made
more precise by studying certain surface defects and related integrable systems.
Spectral duality. In order to understand the origin of such duality, it is useful to recall
that the AGT relation has a natural uplift to 5d N = 1 theories on a circle [35–41]. In
this case, the partition functions of the 5d version of class S theories [42] are identified
with the (q-deformed) conformal blocks of the Wq,t−1 algebras [43–45], a one-parameter
deformation of W algebras to which they reduce upon taking what we call the CFT-limit.
From the gauge theory perspective, this is just one of the possible 4d limits, but a strong
coupling one as it typically involves sending the compactification radius to zero and the
coupling constant to infinity. We would like to consider another 4d limit, which we refer
to as the ~-limit, resulting in an effective weakly coupled gauge theory description instead.
From the algebraic viewpoint, the q-deformed counterpart of the affine Yangian is repre-
sented by the DIM algebra [46, 47], which can also be viewed as a double quantum deforma-
tion of the W1+∞ algebra. Notably, the DIM algebra has a large group of automorphisms,
including SL(2,Z). This group is identified with the type IIB self-duality group [48], and it
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is responsible for highly non-trivial dualities between different 5d quiver gauge theories [49]
arising from geometric engineering [50, 51]. For instance, when applied to linear quivers
with unitary gauge groups all of the same rank, the action of the S-element of SL(2,Z)
exchanges the rank of the quiver with the rank of the gauge groups. In string/gauge the-
ory, this duality is commonly known as fiber/base or IIB S-duality [52, 53], while in the
world of integrable systems this is related to (bi)spectral or PQ-duality [54–57]. We stick
to the latter term henceforth, which seems to be more universal. Understanding what is
the remnant of the spectral duality upon taking a 4d limit is the main goal of this paper.
5d perspective. The (2, 0) little string theory (a deformation of the 6d N = (2, 0)
theory away from the conformal point) provides a powerful framework [58–60] for a deeper
understanding of the AGT correspondence. Before taking any 4d limit, an effective 5d
gauge theory description is valid. However, it naively breaks down in the CFT-limit yielding
a 4d class S theory or W algebra description. Importantly, the quiver gauge theories
which the little string naturally assigns to Wq,t−1 algebras are not the ones which the
5d lift of AGT would assign, rather their spectral duals [61, 62]. This is particularly
evident by considering Kimura-Pestun (KP) construction [63–65] of Wq,t−1(AM−1) free
boson correlators with N +2 insertions, which capture the partition functions of U(N)M−1
theories rather than U(M)N−1, the latter being computed by Wq,t−1(AN−1) correlators
with M + 2 points.1 From the purely gauge theoretic perspective, the spectral duality may
seem to be completely lost in the 4d limit simply because in a dual pair of 5d theories,
one becomes strongly coupled as a 4d limit is taken. Similarly, on the algebraic level it is
not obvious whether the automorphisms of the DIM algebra survive in the Yangian limit.
Ultimately, the loss of manifest SL(2,Z) symmetry is one of the reasons why the AGT
relation is highly non-trivial.2
4d limits. In this paper, rather than following the CFT perspective when reducing from
5d to 4d, we favor the gauge theory construction and consider a 4d limit which preserves
the quiver description. In the setup where the little string geometry is compactified on a
cylinder with radius `c and punctures represented by D5 defects wrapping vanishing 2-cycles
in a singular transverse space, an effective description in terms of 5d quiver gauge theories
on the defects can be given. The resulting physics is weakly coupled and five dimensional
because the winding modes of the little string manifest as KK modes on the dual cylinder
of radius ~ ≡ `2s/`c, with `s being the string length. The CFT-limit is indeed strongly
coupled as upon sending `s → 0, the modulus τ/`2s must be kept fixed, with τ ≡ `2s/`cg25
parametrizing the dimensionless instanton chemical potential. However, we can consider
another limit in which the cylinder is decompactified while keeping `s finite: this is what
we have called the ~-limit, and it is indeed a 4d weak coupling limit as the winding modes
decouple while τ ≡ 1/g24 is fixed. Since ~→ 0 in both limits but either `s → 0 or `c →∞,
1The so-called U(1) factors play an important and subtle role in the gauge/algebra correspondence. In our
setup we use almost exclusively U(N) groups and not the SU(N) ones.
2It is worth noting that the action of the SL(2,Z) automorphism group is already pretty involved even at the
DIM algebra level. In particular, the automorphisms modify the Hopf algebra structure by a non-trivial
Drinfeld twist, which encodes the choice of the natural basis in the CFT [48, 61, 66, 67].
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the CFT-limit and the ~-limit indeed seem to be related to dual descriptions of the same
physics. In the following, we study this possibility from the vantage point of the algebraic
interpretation of certain BPS observables.
Quiver algebras. As expected, in the ~-limit the gauge theory does not have a direct
W algebra description: rather, the Ω-background partition functions of 4d N = 2 quiver
gauge theories with unitary groups can be manifestly identified with (-deformed) confor-
mal blocks of dual algebras which we call quiver W1,2 algebras. The simplest example
where we know that the two complementary interpretations must coexist is represented
by the U(N) SQCD: its Ω-background partition function is a WN conformal block with
2 full and 2 simple punctures (of the type featuring in the AGT duality) or a W1,2(A1)
conformal block with N + 2 points. In fact, it might be more appropriate to say that W
and W1,2 algebras are spectral dual to each other, and as such they exhibit joint confor-
mal blocks. When a simple string theory construction is available (as for this example),
this may also be argued by considering various brane pictures (Fig. 1) related by known
dualities.3 From this reasoning, the AGT correspondence can be seen as a combination of
an almost straightforward identification (W1,2/gauge duality) with a highly non-trivial
map (spectral duality). Our construction of the quiver W1,2 algebras is inspired by the
analogous KP construction of quiver Wq,t−1 algebras, and in fact it can be derived by
carefully implementing the ~-limit. On the algebraic side this limit is pretty non-trivial,
and one of our main results is a clear recipe how to do it in a constructive way. Related
results on the ~-limit of the algebraic engineering technique in gauge theories have recently
appeared in [69] from a different angle.
Defects and integrable systems. Integrable systems provide a powerful window into
the BPS sector of gauge theories [70–72]. Spectral duality is not a novelty in this con-
text [73–75], and in fact we can use it to gain a better understanding of the interplay
between W/W1,2 algebras and 4d N = 2 gauge theories too. It is important to make
here a clear distinction between two very different types of integrable systems appearing
in the gauge theory context: spectral duality appears in both of them but the manifes-
tations are different. The first type of systems are SW systems, whose classical spectral
curves coincide with the SW curves and the low energy physics is obtained from period
integrals. For example, for 4d linear quiver gauge theories these systems are XXX spin
chains. The spectral duality exchanges the two variables in the spectral curve equations
of the SW systems. In the Ω-background, SW integrable systems and the corresponding
spectral curves get (doubly) quantized, so the two variables defining the curve equation
become non-commuting position and momentum operators. The spectral duality survives
the quantization [73–75].
The second type of the integrable systems, on which we focus in this paper, are easier to
understand starting with Ω-deformed gauge theories from the very beginning. In this case,
there is a family of commuting quantum Hamiltonians acting on the Hilbert space of the
AGT dual 2d CFT. Similarly, there is another family of commuting Hamiltonians acting on
3As pointed out in [68], an illuminating framework is actually provided by the gauge origami setup of [27].
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<latexit sha1_ base64="+mR3WpoVthj05qwQN/eZ klcNB14=">AAAB8HicbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0WNBDx4r2A 9pQ9lsN+3S3STsTsQS+iu8eFDEqz /Hm//GbZuDtj4YeLw3w8y8IJHCoO t+O4WV1bX1jeJmaWt7Z3evvH/QNH GqGW+wWMa6HVDDpYh4AwVK3k40py qQvBWMrqd+65FrI+LoHscJ9xUdRC IUjKKVHrrInzC7uZj0yhW36s5Alo mXkwrkqPfKX91+zFLFI2SSGtPx3A T9jGoUTPJJqZsanlA2ogPesTSiih s/mx08ISdW6ZMw1rYiJDP190RGlT FjFdhORXFoFr2p+J/XSTG88jMRJS nyiM0XhakkGJPp96QvNGcox5ZQpo W9lbAh1ZShzahkQ/AWX14mzbOq51 a9u/NK7TyPowhHcAyn4MEl1OAW6t AABgqe4RXeHO28OO/Ox7y14OQzh/ AHzucPy92QWA==</latexit><latexit sha1_ base64="+mR3WpoVthj05qwQN/eZ klcNB14=">AAAB8HicbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0WNBDx4r2A 9pQ9lsN+3S3STsTsQS+iu8eFDEqz /Hm//GbZuDtj4YeLw3w8y8IJHCoO t+O4WV1bX1jeJmaWt7Z3evvH/QNH GqGW+wWMa6HVDDpYh4AwVK3k40py qQvBWMrqd+65FrI+LoHscJ9xUdRC IUjKKVHrrInzC7uZj0yhW36s5Alo mXkwrkqPfKX91+zFLFI2SSGtPx3A T9jGoUTPJJqZsanlA2ogPesTSiih s/mx08ISdW6ZMw1rYiJDP190RGlT FjFdhORXFoFr2p+J/XSTG88jMRJS nyiM0XhakkGJPp96QvNGcox5ZQpo W9lbAh1ZShzahkQ/AWX14mzbOq51 a9u/NK7TyPowhHcAyn4MEl1OAW6t AABgqe4RXeHO28OO/Ox7y14OQzh/ AHzucPy92QWA==</latexit><latexit sha1_ base64="+mR3WpoVthj05qwQN/eZ klcNB14=">AAAB8HicbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0WNBDx4r2A 9pQ9lsN+3S3STsTsQS+iu8eFDEqz /Hm//GbZuDtj4YeLw3w8y8IJHCoO t+O4WV1bX1jeJmaWt7Z3evvH/QNH GqGW+wWMa6HVDDpYh4AwVK3k40py qQvBWMrqd+65FrI+LoHscJ9xUdRC IUjKKVHrrInzC7uZj0yhW36s5Alo mXkwrkqPfKX91+zFLFI2SSGtPx3A T9jGoUTPJJqZsanlA2ogPesTSiih s/mx08ISdW6ZMw1rYiJDP190RGlT FjFdhORXFoFr2p+J/XSTG88jMRJS nyiM0XhakkGJPp96QvNGcox5ZQpo W9lbAh1ZShzahkQ/AWX14mzbOq51 a9u/NK7TyPowhHcAyn4MEl1OAW6t AABgqe4RXeHO28OO/Ox7y14OQzh/ AHzucPy92QWA==</latexit><latexit sha1_ base64="+mR3WpoVthj05qwQN/eZ klcNB14=">AAAB8HicbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0WNBDx4r2A 9pQ9lsN+3S3STsTsQS+iu8eFDEqz /Hm//GbZuDtj4YeLw3w8y8IJHCoO t+O4WV1bX1jeJmaWt7Z3evvH/QNH GqGW+wWMa6HVDDpYh4AwVK3k40py qQvBWMrqd+65FrI+LoHscJ9xUdRC IUjKKVHrrInzC7uZj0yhW36s5Alo mXkwrkqPfKX91+zFLFI2SSGtPx3A T9jGoUTPJJqZsanlA2ogPesTSiih s/mx08ISdW6ZMw1rYiJDP190RGlT FjFdhORXFoFr2p+J/XSTG88jMRJS nyiM0XhakkGJPp96QvNGcox5ZQpo W9lbAh1ZShzahkQ/AWX14mzbOq51 a9u/NK7TyPowhHcAyn4MEl1OAW6t AABgqe4RXeHO28OO/Ox7y14OQzh/ AHzucPy92QWA==</latexit>
N
<latexit sha1_base64="78j4Qc /sjLVLmF9nYIlJh++3v38=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbB U0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuD gcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHV KLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2VmveDcsWt uguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7 lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS014 42dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO 2ldVz616zVqlXsvjKMIZnMMleHANdbiDBrSAAcIzvMKb8+i8OO/Ox7K1 4OQzp/AHzucPoluMxA==</latexit><latexit sha1_base64="78j4Qc /sjLVLmF9nYIlJh++3v38=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbB U0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuD gcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHV KLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2VmveDcsWt uguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7 lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS014 42dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO 2ldVz616zVqlXsvjKMIZnMMleHANdbiDBrSAAcIzvMKb8+i8OO/Ox7K1 4OQzp/AHzucPoluMxA==</latexit><latexit sha1_base64="78j4Qc /sjLVLmF9nYIlJh++3v38=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbB U0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuD gcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHV KLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2VmveDcsWt uguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7 lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS014 42dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO 2ldVz616zVqlXsvjKMIZnMMleHANdbiDBrSAAcIzvMKb8+i8OO/Ox7K1 4OQzp/AHzucPoluMxA==</latexit><latexit sha1_base64="78j4Qc /sjLVLmF9nYIlJh++3v38=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbB U0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuD gcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHV KLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2VmveDcsWt uguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7 lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS014 42dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO 2ldVz616zVqlXsvjKMIZnMMleHANdbiDBrSAAcIzvMKb8+i8OO/Ox7K1 4OQzp/AHzucPoluMxA==</latexit>
C2
<latexit sha1_base64="DdbfN3 iXC7L+JF87l5oVNmPShh4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovg qiSloMtCNy4r2Ac0sUymk3boZBLmIZTQ33DjQhG3/ow7/8ZJm4W2Hhg4 nHMv98wJU86Udt1vp7S1vbO7V96vHBweHZ9UT896KjGS0C5JeCIHIVaU M0G7mmlOB6mkOA457Yezdu73n6hULBEPep7SIMYTwSJGsLaS78dYT8Mw ay8eG6Nqza27S6BN4hWkBgU6o+qXP06IianQhGOlhp6b6iDDUjPC6aLi G0VTTGZ4QoeWChxTFWTLzAt0ZZUxihJpn9Boqf7eyHCs1DwO7WSeUa17 ufifNzQ6ug0yJlKjqSCrQ5HhSCcoLwCNmaRE87klmEhmsyIyxRITbWuq 2BK89S9vkl6j7rl1775ZazWLOspwAZdwDR7cQAvuoANdIJDCM7zCm2Oc F+fd+ViNlpxi5xz+wPn8Ac8DkXk=</latexit><latexit sha1_base64="DdbfN3 iXC7L+JF87l5oVNmPShh4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovg qiSloMtCNy4r2Ac0sUymk3boZBLmIZTQ33DjQhG3/ow7/8ZJm4W2Hhg4 nHMv98wJU86Udt1vp7S1vbO7V96vHBweHZ9UT896KjGS0C5JeCIHIVaU M0G7mmlOB6mkOA457Yezdu73n6hULBEPep7SIMYTwSJGsLaS78dYT8Mw ay8eG6Nqza27S6BN4hWkBgU6o+qXP06IianQhGOlhp6b6iDDUjPC6aLi G0VTTGZ4QoeWChxTFWTLzAt0ZZUxihJpn9Boqf7eyHCs1DwO7WSeUa17 ufifNzQ6ug0yJlKjqSCrQ5HhSCcoLwCNmaRE87klmEhmsyIyxRITbWuq 2BK89S9vkl6j7rl1775ZazWLOspwAZdwDR7cQAvuoANdIJDCM7zCm2Oc F+fd+ViNlpxi5xz+wPn8Ac8DkXk=</latexit><latexit sha1_base64="DdbfN3 iXC7L+JF87l5oVNmPShh4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovg qiSloMtCNy4r2Ac0sUymk3boZBLmIZTQ33DjQhG3/ow7/8ZJm4W2Hhg4 nHMv98wJU86Udt1vp7S1vbO7V96vHBweHZ9UT896KjGS0C5JeCIHIVaU M0G7mmlOB6mkOA457Yezdu73n6hULBEPep7SIMYTwSJGsLaS78dYT8Mw ay8eG6Nqza27S6BN4hWkBgU6o+qXP06IianQhGOlhp6b6iDDUjPC6aLi G0VTTGZ4QoeWChxTFWTLzAt0ZZUxihJpn9Boqf7eyHCs1DwO7WSeUa17 ufifNzQ6ug0yJlKjqSCrQ5HhSCcoLwCNmaRE87klmEhmsyIyxRITbWuq 2BK89S9vkl6j7rl1775ZazWLOspwAZdwDR7cQAvuoANdIJDCM7zCm2Oc F+fd+ViNlpxi5xz+wPn8Ac8DkXk=</latexit><latexit sha1_base64="DdbfN3 iXC7L+JF87l5oVNmPShh4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovg qiSloMtCNy4r2Ac0sUymk3boZBLmIZTQ33DjQhG3/ow7/8ZJm4W2Hhg4 nHMv98wJU86Udt1vp7S1vbO7V96vHBweHZ9UT896KjGS0C5JeCIHIVaU M0G7mmlOB6mkOA457Yezdu73n6hULBEPep7SIMYTwSJGsLaS78dYT8Mw ay8eG6Nqza27S6BN4hWkBgU6o+qXP06IianQhGOlhp6b6iDDUjPC6aLi G0VTTGZ4QoeWChxTFWTLzAt0ZZUxihJpn9Boqf7eyHCs1DwO7WSeUa17 ufifNzQ6ug0yJlKjqSCrQ5HhSCcoLwCNmaRE87klmEhmsyIyxRITbWuq 2BK89S9vkl6j7rl1775ZazWLOspwAZdwDR7cQAvuoANdIJDCM7zCm2Oc F+fd+ViNlpxi5xz+wPn8Ac8DkXk=</latexit>
R⇥ S1~ 1!1
<latexit sha1_base64="jiqiX3dSoh+Cdix9gGVZknEpns4=">AAAC HHicbVDLSsNAFJ3UV62vqEs3g0VwY0m0oMuCG5f10Qc0aZhMJ+3QySTMTIQS8iFu/BU3LhRx40Lwb5y0EbT1wMCZc+7l3nv8mFGpLOvLKC0tr6yu ldcrG5tb2zvm7l5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv74Mvc790RIGvE7NYmJG6IhpwHFSGnJM8+cEKmR76c3maNoSOTP/zbr217qjHwk +umJrd0IOpQHapJ5ZtWqWVPARWIXpAoKND3zwxlEOAkJV5ghKXu2FSs3RUJRzEhWcRJJYoTHaEh6mnKk93DT6XEZPNLKAAaR0I8rOFV/d6QolHIS +royX13Oe7n4n9dLVHDhppTHiSIczwYFCYP60DwpOKCCYMUmmiAsqN4V4hESCCudZ0WHYM+fvEjapzXbqtnX9WqjXsRRBgfgEBwDG5yDBrgCTdAC GDyAJ/ACXo1H49l4M95npSWj6NkHf2B8fgNjv6K6</latexit><latexit sha1_base64="jiqiX3dSoh+Cdix9gGVZknEpns4=">AAAC HHicbVDLSsNAFJ3UV62vqEs3g0VwY0m0oMuCG5f10Qc0aZhMJ+3QySTMTIQS8iFu/BU3LhRx40Lwb5y0EbT1wMCZc+7l3nv8mFGpLOvLKC0tr6yu ldcrG5tb2zvm7l5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv74Mvc790RIGvE7NYmJG6IhpwHFSGnJM8+cEKmR76c3maNoSOTP/zbr217qjHwk +umJrd0IOpQHapJ5ZtWqWVPARWIXpAoKND3zwxlEOAkJV5ghKXu2FSs3RUJRzEhWcRJJYoTHaEh6mnKk93DT6XEZPNLKAAaR0I8rOFV/d6QolHIS +royX13Oe7n4n9dLVHDhppTHiSIczwYFCYP60DwpOKCCYMUmmiAsqN4V4hESCCudZ0WHYM+fvEjapzXbqtnX9WqjXsRRBgfgEBwDG5yDBrgCTdAC GDyAJ/ACXo1H49l4M95npSWj6NkHf2B8fgNjv6K6</latexit><latexit sha1_base64="jiqiX3dSoh+Cdix9gGVZknEpns4=">AAAC HHicbVDLSsNAFJ3UV62vqEs3g0VwY0m0oMuCG5f10Qc0aZhMJ+3QySTMTIQS8iFu/BU3LhRx40Lwb5y0EbT1wMCZc+7l3nv8mFGpLOvLKC0tr6yu ldcrG5tb2zvm7l5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv74Mvc790RIGvE7NYmJG6IhpwHFSGnJM8+cEKmR76c3maNoSOTP/zbr217qjHwk +umJrd0IOpQHapJ5ZtWqWVPARWIXpAoKND3zwxlEOAkJV5ghKXu2FSs3RUJRzEhWcRJJYoTHaEh6mnKk93DT6XEZPNLKAAaR0I8rOFV/d6QolHIS +royX13Oe7n4n9dLVHDhppTHiSIczwYFCYP60DwpOKCCYMUmmiAsqN4V4hESCCudZ0WHYM+fvEjapzXbqtnX9WqjXsRRBgfgEBwDG5yDBrgCTdAC GDyAJ/ACXo1H49l4M95npSWj6NkHf2B8fgNjv6K6</latexit><latexit sha1_base64="jiqiX3dSoh+Cdix9gGVZknEpns4=">AAAC HHicbVDLSsNAFJ3UV62vqEs3g0VwY0m0oMuCG5f10Qc0aZhMJ+3QySTMTIQS8iFu/BU3LhRx40Lwb5y0EbT1wMCZc+7l3nv8mFGpLOvLKC0tr6yu ldcrG5tb2zvm7l5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv74Mvc790RIGvE7NYmJG6IhpwHFSGnJM8+cEKmR76c3maNoSOTP/zbr217qjHwk +umJrd0IOpQHapJ5ZtWqWVPARWIXpAoKND3zwxlEOAkJV5ghKXu2FSs3RUJRzEhWcRJJYoTHaEh6mnKk93DT6XEZPNLKAAaR0I8rOFV/d6QolHIS +royX13Oe7n4n9dLVHDhppTHiSIczwYFCYP60DwpOKCCYMUmmiAsqN4V4hESCCudZ0WHYM+fvEjapzXbqtnX9WqjXsRRBgfgEBwDG5yDBrgCTdAC GDyAJ/ACXo1H49l4M95npSWj6NkHf2B8fgNjv6K6</latexit>
R
<latexit sha1_base64="29++6n 92HNW22Loukh5iYadMaqg=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovg qiQi6LLgxmUV+8A2lMn0ph06mYSZiVBC/8KNC0Xc+jfu/BsnbRbaemDg cM69zLknSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj 4BJbhhuB3UQhjQKBnWByk/udJ1Sax/LBTBP0IzqSPOSMGis99iNqxkGQ 3c8G1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9q TCib0BH2LJU0Qu1n88QzcmaVIQljZZ80ZK7+3shopPU0CuxknlAve7n4 n9dLTXjtZ1wmqUHJFh+FqSAmJvn5ZMgVMiOmllCmuM1K2JgqyowtqWJL 8JZPXiXti7rn1r27y1rjsqijDCdwCufgwRU04Baa0AIGEp7hFd4c7bw4 787HYrTkFDvH8AfO5w+5KZDk</latexit><latexit sha1_base64="29++6n 92HNW22Loukh5iYadMaqg=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovg qiQi6LLgxmUV+8A2lMn0ph06mYSZiVBC/8KNC0Xc+jfu/BsnbRbaemDg cM69zLknSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj 4BJbhhuB3UQhjQKBnWByk/udJ1Sax/LBTBP0IzqSPOSMGis99iNqxkGQ 3c8G1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9q TCib0BH2LJU0Qu1n88QzcmaVIQljZZ80ZK7+3shopPU0CuxknlAve7n4 n9dLTXjtZ1wmqUHJFh+FqSAmJvn5ZMgVMiOmllCmuM1K2JgqyowtqWJL 8JZPXiXti7rn1r27y1rjsqijDCdwCufgwRU04Baa0AIGEp7hFd4c7bw4 787HYrTkFDvH8AfO5w+5KZDk</latexit><latexit sha1_base64="29++6n 92HNW22Loukh5iYadMaqg=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovg qiQi6LLgxmUV+8A2lMn0ph06mYSZiVBC/8KNC0Xc+jfu/BsnbRbaemDg cM69zLknSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj 4BJbhhuB3UQhjQKBnWByk/udJ1Sax/LBTBP0IzqSPOSMGis99iNqxkGQ 3c8G1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9q TCib0BH2LJU0Qu1n88QzcmaVIQljZZ80ZK7+3shopPU0CuxknlAve7n4 n9dLTXjtZ1wmqUHJFh+FqSAmJvn5ZMgVMiOmllCmuM1K2JgqyowtqWJL 8JZPXiXti7rn1r27y1rjsqijDCdwCufgwRU04Baa0AIGEp7hFd4c7bw4 787HYrTkFDvH8AfO5w+5KZDk</latexit><latexit sha1_base64="29++6n 92HNW22Loukh5iYadMaqg=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovg qiQi6LLgxmUV+8A2lMn0ph06mYSZiVBC/8KNC0Xc+jfu/BsnbRbaemDg cM69zLknSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj 4BJbhhuB3UQhjQKBnWByk/udJ1Sax/LBTBP0IzqSPOSMGis99iNqxkGQ 3c8G1Zpbd+cgq8QrSA0KNAfVr/4wZmmE0jBBte55bmL8jCrDmcBZpZ9q TCib0BH2LJU0Qu1n88QzcmaVIQljZZ80ZK7+3shopPU0CuxknlAve7n4 n9dLTXjtZ1wmqUHJFh+FqSAmJvn5ZMgVMiOmllCmuM1K2JgqyowtqWJL 8JZPXiXti7rn1r27y1rjsqijDCdwCufgwRU04Baa0AIGEp7hFd4c7bw4 787HYrTkFDvH8AfO5w+5KZDk</latexit>
(R2 ⇥ S1)
<latexit sha1_base64="wX7mi1vElWPP3KAHjTyxDeEmfy4=">AAAC CXicbVDLSsNAFJ34rPUVdelmsAh1U5JS0GXBjcv66APatEymk3bo5MHMjVBCtm78FTcuFHHrH7jzb5y0EbT1wIXDOfdy7z1uJLgCy/oyVlbX1jc2 C1vF7Z3dvX3z4LClwlhS1qShCGXHJYoJHrAmcBCsE0lGfFewtju5zPz2PZOKh8EdTCPm+GQUcI9TAloamLjc8wmMXTe5SfvVHnCfqR/lNu3bZwOz ZFWsGfAysXNSQjkaA/OzNwxp7LMAqCBKdW0rAichEjgVLC32YsUiQidkxLqaBkRvdJLZJyk+1coQe6HUFQCeqb8nEuIrNfVd3ZkdqRa9TPzP68bg XTgJD6IYWEDni7xYYAhxFgsecskoiKkmhEqub8V0TCShoMMr6hDsxZeXSatasa2KfV0r1Wt5HAV0jE5QGdnoHNXRFWqgJqLoAT2hF/RqPBrPxpvx Pm9dMfKZI/QHxsc3Mp6Z9A==</latexit><latexit sha1_base64="wX7mi1vElWPP3KAHjTyxDeEmfy4=">AAAC CXicbVDLSsNAFJ34rPUVdelmsAh1U5JS0GXBjcv66APatEymk3bo5MHMjVBCtm78FTcuFHHrH7jzb5y0EbT1wIXDOfdy7z1uJLgCy/oyVlbX1jc2 C1vF7Z3dvX3z4LClwlhS1qShCGXHJYoJHrAmcBCsE0lGfFewtju5zPz2PZOKh8EdTCPm+GQUcI9TAloamLjc8wmMXTe5SfvVHnCfqR/lNu3bZwOz ZFWsGfAysXNSQjkaA/OzNwxp7LMAqCBKdW0rAichEjgVLC32YsUiQidkxLqaBkRvdJLZJyk+1coQe6HUFQCeqb8nEuIrNfVd3ZkdqRa9TPzP68bg XTgJD6IYWEDni7xYYAhxFgsecskoiKkmhEqub8V0TCShoMMr6hDsxZeXSatasa2KfV0r1Wt5HAV0jE5QGdnoHNXRFWqgJqLoAT2hF/RqPBrPxpvx Pm9dMfKZI/QHxsc3Mp6Z9A==</latexit><latexit sha1_base64="wX7mi1vElWPP3KAHjTyxDeEmfy4=">AAAC CXicbVDLSsNAFJ34rPUVdelmsAh1U5JS0GXBjcv66APatEymk3bo5MHMjVBCtm78FTcuFHHrH7jzb5y0EbT1wIXDOfdy7z1uJLgCy/oyVlbX1jc2 C1vF7Z3dvX3z4LClwlhS1qShCGXHJYoJHrAmcBCsE0lGfFewtju5zPz2PZOKh8EdTCPm+GQUcI9TAloamLjc8wmMXTe5SfvVHnCfqR/lNu3bZwOz ZFWsGfAysXNSQjkaA/OzNwxp7LMAqCBKdW0rAichEjgVLC32YsUiQidkxLqaBkRvdJLZJyk+1coQe6HUFQCeqb8nEuIrNfVd3ZkdqRa9TPzP68bg XTgJD6IYWEDni7xYYAhxFgsecskoiKkmhEqub8V0TCShoMMr6hDsxZeXSatasa2KfV0r1Wt5HAV0jE5QGdnoHNXRFWqgJqLoAT2hF/RqPBrPxpvx Pm9dMfKZI/QHxsc3Mp6Z9A==</latexit><latexit sha1_base64="wX7mi1vElWPP3KAHjTyxDeEmfy4=">AAAC CXicbVDLSsNAFJ34rPUVdelmsAh1U5JS0GXBjcv66APatEymk3bo5MHMjVBCtm78FTcuFHHrH7jzb5y0EbT1wIXDOfdy7z1uJLgCy/oyVlbX1jc2 C1vF7Z3dvX3z4LClwlhS1qShCGXHJYoJHrAmcBCsE0lGfFewtju5zPz2PZOKh8EdTCPm+GQUcI9TAloamLjc8wmMXTe5SfvVHnCfqR/lNu3bZwOz ZFWsGfAysXNSQjkaA/OzNwxp7LMAqCBKdW0rAichEjgVLC32YsUiQidkxLqaBkRvdJLZJyk+1coQe6HUFQCeqb8nEuIrNfVd3ZkdqRa9TPzP68bg XTgJD6IYWEDni7xYYAhxFgsecskoiKkmhEqub8V0TCShoMMr6hDsxZeXSatasa2KfV0r1Wt5HAV0jE5QGdnoHNXRFWqgJqLoAT2hF/RqPBrPxpvx Pm9dMfKZI/QHxsc3Mp6Z9A==</latexit>
NS5
<latexit sha1_ base64="3LAxFyl2hzTu7i7WsMFI XZnEyZM=">AAAB8XicbVDLSgNBEO yNrxhfUY9eBoPgKexKRI8BL54kon lgsoTZySQZMju7zPSKYclfePGgiF f/xpt/4yTZgyYWNBRV3XR3BbEUBl 3328mtrK6tb+Q3C1vbO7t7xf2Dho kSzXidRTLSrYAaLoXidRQoeSvWnI aB5M1gdDX1m49cGxGpexzH3A/pQI m+YBSt9NBB/oTpzd35pFssuWV3Br JMvIyUIEOtW/zq9CKWhFwhk9SYtu fG6KdUo2CSTwqdxPCYshEd8Lalio bc+Ons4gk5sUqP9CNtSyGZqb8nUh oaMw4D2xlSHJpFbyr+57UT7F/6qV Bxglyx+aJ+IglGZPo+6QnNGcqxJZ RpYW8lbEg1ZWhDKtgQvMWXl0njrO y5Ze+2UqpWsjjycATHcAoeXEAVrq EGdWCg4Ble4c0xzovz7nzMW3NONn MIf+B8/gCBeJC/</latexit><latexit sha1_ base64="3LAxFyl2hzTu7i7WsMFI XZnEyZM=">AAAB8XicbVDLSgNBEO yNrxhfUY9eBoPgKexKRI8BL54kon lgsoTZySQZMju7zPSKYclfePGgiF f/xpt/4yTZgyYWNBRV3XR3BbEUBl 3328mtrK6tb+Q3C1vbO7t7xf2Dho kSzXidRTLSrYAaLoXidRQoeSvWnI aB5M1gdDX1m49cGxGpexzH3A/pQI m+YBSt9NBB/oTpzd35pFssuWV3Br JMvIyUIEOtW/zq9CKWhFwhk9SYtu fG6KdUo2CSTwqdxPCYshEd8Lalio bc+Ons4gk5sUqP9CNtSyGZqb8nUh oaMw4D2xlSHJpFbyr+57UT7F/6qV Bxglyx+aJ+IglGZPo+6QnNGcqxJZ RpYW8lbEg1ZWhDKtgQvMWXl0njrO y5Ze+2UqpWsjjycATHcAoeXEAVrq EGdWCg4Ble4c0xzovz7nzMW3NONn MIf+B8/gCBeJC/</latexit><latexit sha1_ base64="3LAxFyl2hzTu7i7WsMFI XZnEyZM=">AAAB8XicbVDLSgNBEO yNrxhfUY9eBoPgKexKRI8BL54kon lgsoTZySQZMju7zPSKYclfePGgiF f/xpt/4yTZgyYWNBRV3XR3BbEUBl 3328mtrK6tb+Q3C1vbO7t7xf2Dho kSzXidRTLSrYAaLoXidRQoeSvWnI aB5M1gdDX1m49cGxGpexzH3A/pQI m+YBSt9NBB/oTpzd35pFssuWV3Br JMvIyUIEOtW/zq9CKWhFwhk9SYtu fG6KdUo2CSTwqdxPCYshEd8Lalio bc+Ons4gk5sUqP9CNtSyGZqb8nUh oaMw4D2xlSHJpFbyr+57UT7F/6qV Bxglyx+aJ+IglGZPo+6QnNGcqxJZ RpYW8lbEg1ZWhDKtgQvMWXl0njrO y5Ze+2UqpWsjjycATHcAoeXEAVrq EGdWCg4Ble4c0xzovz7nzMW3NONn MIf+B8/gCBeJC/</latexit><latexit sha1_ base64="3LAxFyl2hzTu7i7WsMFI XZnEyZM=">AAAB8XicbVDLSgNBEO yNrxhfUY9eBoPgKexKRI8BL54kon lgsoTZySQZMju7zPSKYclfePGgiF f/xpt/4yTZgyYWNBRV3XR3BbEUBl 3328mtrK6tb+Q3C1vbO7t7xf2Dho kSzXidRTLSrYAaLoXidRQoeSvWnI aB5M1gdDX1m49cGxGpexzH3A/pQI m+YBSt9NBB/oTpzd35pFssuWV3Br JMvIyUIEOtW/zq9CKWhFwhk9SYtu fG6KdUo2CSTwqdxPCYshEd8Lalio bc+Ons4gk5sUqP9CNtSyGZqb8nUh oaMw4D2xlSHJpFbyr+57UT7F/6qV Bxglyx+aJ+IglGZPo+6QnNGcqxJZ RpYW8lbEg1ZWhDKtgQvMWXl0njrO y5Ze+2UqpWsjjycATHcAoeXEAVrq EGdWCg4Ble4c0xzovz7nzMW3NONn MIf+B8/gCBeJC/</latexit>
D4
<latexit sha1_ base64="zPaHG6yMX6VG95qgp36b HA0r1yM=">AAAB8HicbVBNS8NAEJ 3Ur1q/qh69LBbBU0mkoMeCHjxWsB /ShrLZbtqlm03YnYgl9Fd48aCIV3 +ON/+N2zYHbX0w8Hhvhpl5QSKFQd f9dgpr6xubW8Xt0s7u3v5B+fCoZe JUM95ksYx1J6CGS6F4EwVK3kk0p1 EgeTsYX8/89iPXRsTqHicJ9yM6VC IUjKKVHnrInzC7qU375Ypbdecgq8 TLSQVyNPrlr94gZmnEFTJJjel6bo J+RjUKJvm01EsNTygb0yHvWqpoxI 2fzQ+ekjOrDEgYa1sKyVz9PZHRyJ hJFNjOiOLILHsz8T+vm2J45WdCJS lyxRaLwlQSjMnsezIQmjOUE0so08 LeStiIasrQZlSyIXjLL6+S1kXVc6 veXa1Sr+VxFOEETuEcPLiEOtxCA5 rAIIJneIU3RzsvzrvzsWgtOPnMMf yB8/kDyliQVw==</latexit><latexit sha1_ base64="zPaHG6yMX6VG95qgp36b HA0r1yM=">AAAB8HicbVBNS8NAEJ 3Ur1q/qh69LBbBU0mkoMeCHjxWsB /ShrLZbtqlm03YnYgl9Fd48aCIV3 +ON/+N2zYHbX0w8Hhvhpl5QSKFQd f9dgpr6xubW8Xt0s7u3v5B+fCoZe JUM95ksYx1J6CGS6F4EwVK3kk0p1 EgeTsYX8/89iPXRsTqHicJ9yM6VC IUjKKVHnrInzC7qU375Ypbdecgq8 TLSQVyNPrlr94gZmnEFTJJjel6bo J+RjUKJvm01EsNTygb0yHvWqpoxI 2fzQ+ekjOrDEgYa1sKyVz9PZHRyJ hJFNjOiOLILHsz8T+vm2J45WdCJS lyxRaLwlQSjMnsezIQmjOUE0so08 LeStiIasrQZlSyIXjLL6+S1kXVc6 veXa1Sr+VxFOEETuEcPLiEOtxCA5 rAIIJneIU3RzsvzrvzsWgtOPnMMf yB8/kDyliQVw==</latexit><latexit sha1_ base64="zPaHG6yMX6VG95qgp36b HA0r1yM=">AAAB8HicbVBNS8NAEJ 3Ur1q/qh69LBbBU0mkoMeCHjxWsB /ShrLZbtqlm03YnYgl9Fd48aCIV3 +ON/+N2zYHbX0w8Hhvhpl5QSKFQd f9dgpr6xubW8Xt0s7u3v5B+fCoZe JUM95ksYx1J6CGS6F4EwVK3kk0p1 EgeTsYX8/89iPXRsTqHicJ9yM6VC IUjKKVHnrInzC7qU375Ypbdecgq8 TLSQVyNPrlr94gZmnEFTJJjel6bo J+RjUKJvm01EsNTygb0yHvWqpoxI 2fzQ+ekjOrDEgYa1sKyVz9PZHRyJ hJFNjOiOLILHsz8T+vm2J45WdCJS lyxRaLwlQSjMnsezIQmjOUE0so08 LeStiIasrQZlSyIXjLL6+S1kXVc6 veXa1Sr+VxFOEETuEcPLiEOtxCA5 rAIIJneIU3RzsvzrvzsWgtOPnMMf yB8/kDyliQVw==</latexit><latexit sha1_ base64="zPaHG6yMX6VG95qgp36b HA0r1yM=">AAAB8HicbVBNS8NAEJ 3Ur1q/qh69LBbBU0mkoMeCHjxWsB /ShrLZbtqlm03YnYgl9Fd48aCIV3 +ON/+N2zYHbX0w8Hhvhpl5QSKFQd f9dgpr6xubW8Xt0s7u3v5B+fCoZe JUM95ksYx1J6CGS6F4EwVK3kk0p1 EgeTsYX8/89iPXRsTqHicJ9yM6VC IUjKKVHnrInzC7qU375Ypbdecgq8 TLSQVyNPrlr94gZmnEFTJJjel6bo J+RjUKJvm01EsNTygb0yHvWqpoxI 2fzQ+ekjOrDEgYa1sKyVz9PZHRyJ hJFNjOiOLILHsz8T+vm2J45WdCJS lyxRaLwlQSjMnsezIQmjOUE0so08 LeStiIasrQZlSyIXjLL6+S1kXVc6 veXa1Sr+VxFOEETuEcPLiEOtxCA5 rAIIJneIU3RzsvzrvzsWgtOPnMMf yB8/kDyliQVw==</latexit>
N
<latexit sha1_base64="78j4Qc /sjLVLmF9nYIlJh++3v38=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbB U0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuD gcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHV KLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2VmveDcsWt uguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7 lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS014 42dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO 2ldVz616zVqlXsvjKMIZnMMleHANdbiDBrSAAcIzvMKb8+i8OO/Ox7K1 4OQzp/AHzucPoluMxA==</latexit><latexit sha1_base64="78j4Qc /sjLVLmF9nYIlJh++3v38=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbB U0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuD gcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHV KLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2VmveDcsWt uguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7 lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS014 42dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO 2ldVz616zVqlXsvjKMIZnMMleHANdbiDBrSAAcIzvMKb8+i8OO/Ox7K1 4OQzp/AHzucPoluMxA==</latexit><latexit sha1_base64="78j4Qc /sjLVLmF9nYIlJh++3v38=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbB U0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuD gcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHV KLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2VmveDcsWt uguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7 lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS014 42dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO 2ldVz616zVqlXsvjKMIZnMMleHANdbiDBrSAAcIzvMKb8+i8OO/Ox7K1 4OQzp/AHzucPoluMxA==</latexit><latexit sha1_base64="78j4Qc /sjLVLmF9nYIlJh++3v38=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbB U0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuD gcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHV KLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2VmveDcsWt uguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7 lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS014 42dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO 2ldVz616zVqlXsvjKMIZnMMleHANdbiDBrSAAcIzvMKb8+i8OO/Ox7K1 4OQzp/AHzucPoluMxA==</latexit>
M
<latexit sha1_base64="mYfCyS N1ilXjlvH77OnNLTDu/H8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbB U0mkoMeCFy9CC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0P Bh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZU o+ASW4Ybgd1EIY0CgZ1gcjv3O0+oNI/lg5km6Ed0JHnIGTVWat4PyhW3 6i5A1omXkwrkaAzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPs WSpphNrPFofOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXh jZ9xmaQGJVsuClNBTEzmX5MhV8iMmFpCmeL2VsLGVFFmbDYlG4K3+vI6 aV9VPbfqNWuVei2PowhncA6X4ME11OEOGtACBgjP8ApvzqPz4rw7H8vW gpPPnMIfOJ8/oNeMww==</latexit><latexit sha1_base64="mYfCyS N1ilXjlvH77OnNLTDu/H8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbB U0mkoMeCFy9CC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0P Bh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZU o+ASW4Ybgd1EIY0CgZ1gcjv3O0+oNI/lg5km6Ed0JHnIGTVWat4PyhW3 6i5A1omXkwrkaAzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPs WSpphNrPFofOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXh jZ9xmaQGJVsuClNBTEzmX5MhV8iMmFpCmeL2VsLGVFFmbDYlG4K3+vI6 aV9VPbfqNWuVei2PowhncA6X4ME11OEOGtACBgjP8ApvzqPz4rw7H8vW gpPPnMIfOJ8/oNeMww==</latexit><latexit sha1_base64="mYfCyS N1ilXjlvH77OnNLTDu/H8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbB U0mkoMeCFy9CC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0P Bh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZU o+ASW4Ybgd1EIY0CgZ1gcjv3O0+oNI/lg5km6Ed0JHnIGTVWat4PyhW3 6i5A1omXkwrkaAzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPs WSpphNrPFofOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXh jZ9xmaQGJVsuClNBTEzmX5MhV8iMmFpCmeL2VsLGVFFmbDYlG4K3+vI6 aV9VPbfqNWuVei2PowhncA6X4ME11OEOGtACBgjP8ApvzqPz4rw7H8vW gpPPnMIfOJ8/oNeMww==</latexit><latexit sha1_base64="mYfCyS N1ilXjlvH77OnNLTDu/H8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbB U0mkoMeCFy9CC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0P Bh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZU o+ASW4Ybgd1EIY0CgZ1gcjv3O0+oNI/lg5km6Ed0JHnIGTVWat4PyhW3 6i5A1omXkwrkaAzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPs WSpphNrPFofOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXh jZ9xmaQGJVsuClNBTEzmX5MhV8iMmFpCmeL2VsLGVFFmbDYlG4K3+vI6 aV9VPbfqNWuVei2PowhncA6X4ME11OEOGtACBgjP8ApvzqPz4rw7H8vW gpPPnMIfOJ8/oNeMww==</latexit>
C2
<latexit sha1_base64="DdbfN3 iXC7L+JF87l5oVNmPShh4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovg qiSloMtCNy4r2Ac0sUymk3boZBLmIZTQ33DjQhG3/ow7/8ZJm4W2Hhg4 nHMv98wJU86Udt1vp7S1vbO7V96vHBweHZ9UT896KjGS0C5JeCIHIVaU M0G7mmlOB6mkOA457Yezdu73n6hULBEPep7SIMYTwSJGsLaS78dYT8Mw ay8eG6Nqza27S6BN4hWkBgU6o+qXP06IianQhGOlhp6b6iDDUjPC6aLi G0VTTGZ4QoeWChxTFWTLzAt0ZZUxihJpn9Boqf7eyHCs1DwO7WSeUa17 ufifNzQ6ug0yJlKjqSCrQ5HhSCcoLwCNmaRE87klmEhmsyIyxRITbWuq 2BK89S9vkl6j7rl1775ZazWLOspwAZdwDR7cQAvuoANdIJDCM7zCm2Oc F+fd+ViNlpxi5xz+wPn8Ac8DkXk=</latexit><latexit sha1_base64="DdbfN3 iXC7L+JF87l5oVNmPShh4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovg qiSloMtCNy4r2Ac0sUymk3boZBLmIZTQ33DjQhG3/ow7/8ZJm4W2Hhg4 nHMv98wJU86Udt1vp7S1vbO7V96vHBweHZ9UT896KjGS0C5JeCIHIVaU M0G7mmlOB6mkOA457Yezdu73n6hULBEPep7SIMYTwSJGsLaS78dYT8Mw ay8eG6Nqza27S6BN4hWkBgU6o+qXP06IianQhGOlhp6b6iDDUjPC6aLi G0VTTGZ4QoeWChxTFWTLzAt0ZZUxihJpn9Boqf7eyHCs1DwO7WSeUa17 ufifNzQ6ug0yJlKjqSCrQ5HhSCcoLwCNmaRE87klmEhmsyIyxRITbWuq 2BK89S9vkl6j7rl1775ZazWLOspwAZdwDR7cQAvuoANdIJDCM7zCm2Oc F+fd+ViNlpxi5xz+wPn8Ac8DkXk=</latexit><latexit sha1_base64="DdbfN3 iXC7L+JF87l5oVNmPShh4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovg qiSloMtCNy4r2Ac0sUymk3boZBLmIZTQ33DjQhG3/ow7/8ZJm4W2Hhg4 nHMv98wJU86Udt1vp7S1vbO7V96vHBweHZ9UT896KjGS0C5JeCIHIVaU M0G7mmlOB6mkOA457Yezdu73n6hULBEPep7SIMYTwSJGsLaS78dYT8Mw ay8eG6Nqza27S6BN4hWkBgU6o+qXP06IianQhGOlhp6b6iDDUjPC6aLi G0VTTGZ4QoeWChxTFWTLzAt0ZZUxihJpn9Boqf7eyHCs1DwO7WSeUa17 ufifNzQ6ug0yJlKjqSCrQ5HhSCcoLwCNmaRE87klmEhmsyIyxRITbWuq 2BK89S9vkl6j7rl1775ZazWLOspwAZdwDR7cQAvuoANdIJDCM7zCm2Oc F+fd+ViNlpxi5xz+wPn8Ac8DkXk=</latexit><latexit sha1_base64="DdbfN3 iXC7L+JF87l5oVNmPShh4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovg qiSloMtCNy4r2Ac0sUymk3boZBLmIZTQ33DjQhG3/ow7/8ZJm4W2Hhg4 nHMv98wJU86Udt1vp7S1vbO7V96vHBweHZ9UT896KjGS0C5JeCIHIVaU M0G7mmlOB6mkOA457Yezdu73n6hULBEPep7SIMYTwSJGsLaS78dYT8Mw ay8eG6Nqza27S6BN4hWkBgU6o+qXP06IianQhGOlhp6b6iDDUjPC6aLi G0VTTGZ4QoeWChxTFWTLzAt0ZZUxihJpn9Boqf7eyHCs1DwO7WSeUa17 ufifNzQ6ug0yJlKjqSCrQ5HhSCcoLwCNmaRE87klmEhmsyIyxRITbWuq 2BK89S9vkl6j7rl1775ZazWLOspwAZdwDR7cQAvuoANdIJDCM7zCm2Oc F+fd+ViNlpxi5xz+wPn8Ac8DkXk=</latexit>
R⇥ S1~ 1!1
<latexit sha1_base64="jiqiX3dSoh+Cdix9gGVZknEpns4=">AAAC HHicbVDLSsNAFJ3UV62vqEs3g0VwY0m0oMuCG5f10Qc0aZhMJ+3QySTMTIQS8iFu/BU3LhRx40Lwb5y0EbT1wMCZc+7l3nv8mFGpLOvLKC0tr6yu ldcrG5tb2zvm7l5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv74Mvc790RIGvE7NYmJG6IhpwHFSGnJM8+cEKmR76c3maNoSOTP/zbr217qjHwk +umJrd0IOpQHapJ5ZtWqWVPARWIXpAoKND3zwxlEOAkJV5ghKXu2FSs3RUJRzEhWcRJJYoTHaEh6mnKk93DT6XEZPNLKAAaR0I8rOFV/d6QolHIS +royX13Oe7n4n9dLVHDhppTHiSIczwYFCYP60DwpOKCCYMUmmiAsqN4V4hESCCudZ0WHYM+fvEjapzXbqtnX9WqjXsRRBgfgEBwDG5yDBrgCTdAC GDyAJ/ACXo1H49l4M95npSWj6NkHf2B8fgNjv6K6</latexit><latexit sha1_base64="jiqiX3dSoh+Cdix9gGVZknEpns4=">AAAC HHicbVDLSsNAFJ3UV62vqEs3g0VwY0m0oMuCG5f10Qc0aZhMJ+3QySTMTIQS8iFu/BU3LhRx40Lwb5y0EbT1wMCZc+7l3nv8mFGpLOvLKC0tr6yu ldcrG5tb2zvm7l5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv74Mvc790RIGvE7NYmJG6IhpwHFSGnJM8+cEKmR76c3maNoSOTP/zbr217qjHwk +umJrd0IOpQHapJ5ZtWqWVPARWIXpAoKND3zwxlEOAkJV5ghKXu2FSs3RUJRzEhWcRJJYoTHaEh6mnKk93DT6XEZPNLKAAaR0I8rOFV/d6QolHIS +royX13Oe7n4n9dLVHDhppTHiSIczwYFCYP60DwpOKCCYMUmmiAsqN4V4hESCCudZ0WHYM+fvEjapzXbqtnX9WqjXsRRBgfgEBwDG5yDBrgCTdAC GDyAJ/ACXo1H49l4M95npSWj6NkHf2B8fgNjv6K6</latexit><latexit sha1_base64="jiqiX3dSoh+Cdix9gGVZknEpns4=">AAAC HHicbVDLSsNAFJ3UV62vqEs3g0VwY0m0oMuCG5f10Qc0aZhMJ+3QySTMTIQS8iFu/BU3LhRx40Lwb5y0EbT1wMCZc+7l3nv8mFGpLOvLKC0tr6yu ldcrG5tb2zvm7l5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv74Mvc790RIGvE7NYmJG6IhpwHFSGnJM8+cEKmR76c3maNoSOTP/zbr217qjHwk +umJrd0IOpQHapJ5ZtWqWVPARWIXpAoKND3zwxlEOAkJV5ghKXu2FSs3RUJRzEhWcRJJYoTHaEh6mnKk93DT6XEZPNLKAAaR0I8rOFV/d6QolHIS +royX13Oe7n4n9dLVHDhppTHiSIczwYFCYP60DwpOKCCYMUmmiAsqN4V4hESCCudZ0WHYM+fvEjapzXbqtnX9WqjXsRRBgfgEBwDG5yDBrgCTdAC GDyAJ/ACXo1H49l4M95npSWj6NkHf2B8fgNjv6K6</latexit><latexit sha1_base64="jiqiX3dSoh+Cdix9gGVZknEpns4=">AAAC HHicbVDLSsNAFJ3UV62vqEs3g0VwY0m0oMuCG5f10Qc0aZhMJ+3QySTMTIQS8iFu/BU3LhRx40Lwb5y0EbT1wMCZc+7l3nv8mFGpLOvLKC0tr6yu ldcrG5tb2zvm7l5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv74Mvc790RIGvE7NYmJG6IhpwHFSGnJM8+cEKmR76c3maNoSOTP/zbr217qjHwk +umJrd0IOpQHapJ5ZtWqWVPARWIXpAoKND3zwxlEOAkJV5ghKXu2FSs3RUJRzEhWcRJJYoTHaEh6mnKk93DT6XEZPNLKAAaR0I8rOFV/d6QolHIS +royX13Oe7n4n9dLVHDhppTHiSIczwYFCYP60DwpOKCCYMUmmiAsqN4V4hESCCudZ0WHYM+fvEjapzXbqtnX9WqjXsRRBgfgEBwDG5yDBrgCTdAC GDyAJ/ACXo1H49l4M95npSWj6NkHf2B8fgNjv6K6</latexit>
(R2 ⇥ S1)
<latexit sha1_base64="wX7mi1vElWPP3KAHjTyxDeEmfy4=">AAAC CXicbVDLSsNAFJ34rPUVdelmsAh1U5JS0GXBjcv66APatEymk3bo5MHMjVBCtm78FTcuFHHrH7jzb5y0EbT1wIXDOfdy7z1uJLgCy/oyVlbX1jc2 C1vF7Z3dvX3z4LClwlhS1qShCGXHJYoJHrAmcBCsE0lGfFewtju5zPz2PZOKh8EdTCPm+GQUcI9TAloamLjc8wmMXTe5SfvVHnCfqR/lNu3bZwOz ZFWsGfAysXNSQjkaA/OzNwxp7LMAqCBKdW0rAichEjgVLC32YsUiQidkxLqaBkRvdJLZJyk+1coQe6HUFQCeqb8nEuIrNfVd3ZkdqRa9TPzP68bg XTgJD6IYWEDni7xYYAhxFgsecskoiKkmhEqub8V0TCShoMMr6hDsxZeXSatasa2KfV0r1Wt5HAV0jE5QGdnoHNXRFWqgJqLoAT2hF/RqPBrPxpvx Pm9dMfKZI/QHxsc3Mp6Z9A==</latexit><latexit sha1_base64="wX7mi1vElWPP3KAHjTyxDeEmfy4=">AAAC CXicbVDLSsNAFJ34rPUVdelmsAh1U5JS0GXBjcv66APatEymk3bo5MHMjVBCtm78FTcuFHHrH7jzb5y0EbT1wIXDOfdy7z1uJLgCy/oyVlbX1jc2 C1vF7Z3dvX3z4LClwlhS1qShCGXHJYoJHrAmcBCsE0lGfFewtju5zPz2PZOKh8EdTCPm+GQUcI9TAloamLjc8wmMXTe5SfvVHnCfqR/lNu3bZwOz ZFWsGfAysXNSQjkaA/OzNwxp7LMAqCBKdW0rAichEjgVLC32YsUiQidkxLqaBkRvdJLZJyk+1coQe6HUFQCeqb8nEuIrNfVd3ZkdqRa9TPzP68bg XTgJD6IYWEDni7xYYAhxFgsecskoiKkmhEqub8V0TCShoMMr6hDsxZeXSatasa2KfV0r1Wt5HAV0jE5QGdnoHNXRFWqgJqLoAT2hF/RqPBrPxpvx Pm9dMfKZI/QHxsc3Mp6Z9A==</latexit><latexit sha1_base64="wX7mi1vElWPP3KAHjTyxDeEmfy4=">AAAC CXicbVDLSsNAFJ34rPUVdelmsAh1U5JS0GXBjcv66APatEymk3bo5MHMjVBCtm78FTcuFHHrH7jzb5y0EbT1wIXDOfdy7z1uJLgCy/oyVlbX1jc2 C1vF7Z3dvX3z4LClwlhS1qShCGXHJYoJHrAmcBCsE0lGfFewtju5zPz2PZOKh8EdTCPm+GQUcI9TAloamLjc8wmMXTe5SfvVHnCfqR/lNu3bZwOz ZFWsGfAysXNSQjkaA/OzNwxp7LMAqCBKdW0rAichEjgVLC32YsUiQidkxLqaBkRvdJLZJyk+1coQe6HUFQCeqb8nEuIrNfVd3ZkdqRa9TPzP68bg XTgJD6IYWEDni7xYYAhxFgsecskoiKkmhEqub8V0TCShoMMr6hDsxZeXSatasa2KfV0r1Wt5HAV0jE5QGdnoHNXRFWqgJqLoAT2hF/RqPBrPxpvx Pm9dMfKZI/QHxsc3Mp6Z9A==</latexit><latexit sha1_base64="wX7mi1vElWPP3KAHjTyxDeEmfy4=">AAAC CXicbVDLSsNAFJ34rPUVdelmsAh1U5JS0GXBjcv66APatEymk3bo5MHMjVBCtm78FTcuFHHrH7jzb5y0EbT1wIXDOfdy7z1uJLgCy/oyVlbX1jc2 C1vF7Z3dvX3z4LClwlhS1qShCGXHJYoJHrAmcBCsE0lGfFewtju5zPz2PZOKh8EdTCPm+GQUcI9TAloamLjc8wmMXTe5SfvVHnCfqR/lNu3bZwOz ZFWsGfAysXNSQjkaA/OzNwxp7LMAqCBKdW0rAichEjgVLC32YsUiQidkxLqaBkRvdJLZJyk+1coQe6HUFQCeqb8nEuIrNfVd3ZkdqRa9TPzP68bg XTgJD6IYWEDni7xYYAhxFgsecskoiKkmhEqub8V0TCShoMMr6hDsxZeXSatasa2KfV0r1Wt5HAV0jE5QGdnoHNXRFWqgJqLoAT2hF/RqPBrPxpvx Pm9dMfKZI/QHxsc3Mp6Z9A==</latexit>
R⇥ S1`m
<latexit sha1_base64="cOstUB v9ooqiHHCsXYs87NLn2w4=">AAACDnicbVDLSgMxFM3UV62vUZdugqXg qsxIQZcFNy7row/o1CGTZtrQJDMkGaEM8wVu/BU3LhRx69qdf2OmHUFb DwROzrmXe+8JYkaVdpwvq7Syura+Ud6sbG3v7O7Z+wcdFSUSkzaOWCR7 AVKEUUHammpGerEkiAeMdIPJRe5374lUNBK3ehqTAUcjQUOKkTaSb9c8 jvQ4CNLrzNOUE/Xzv8nuXD/1CGM+z3y76tSdGeAycQtSBQVavv3pDSOc cCI0ZkipvuvEepAiqSlmJKt4iSIxwhM0In1DBTKTB+nsnAzWjDKEYSTN ExrO1N8dKeJKTXlgKvNl1aKXi/95/USH54OUijjRROD5oDBhUEcwzwYO qSRYs6khCEtqdoV4jCTC2iRYMSG4iycvk85p3XXq7lWj2mwUcZTBETgG J8AFZ6AJLkELtAEGD+AJvIBX69F6tt6s93lpySp6DsEfWB/fkWWdAQ= =</latexit><latexit sha1_base64="cOstUB v9ooqiHHCsXYs87NLn2w4=">AAACDnicbVDLSgMxFM3UV62vUZdugqXg qsxIQZcFNy7row/o1CGTZtrQJDMkGaEM8wVu/BU3LhRx69qdf2OmHUFb DwROzrmXe+8JYkaVdpwvq7Syura+Ud6sbG3v7O7Z+wcdFSUSkzaOWCR7 AVKEUUHammpGerEkiAeMdIPJRe5374lUNBK3ehqTAUcjQUOKkTaSb9c8 jvQ4CNLrzNOUE/Xzv8nuXD/1CGM+z3y76tSdGeAycQtSBQVavv3pDSOc cCI0ZkipvuvEepAiqSlmJKt4iSIxwhM0In1DBTKTB+nsnAzWjDKEYSTN ExrO1N8dKeJKTXlgKvNl1aKXi/95/USH54OUijjRROD5oDBhUEcwzwYO qSRYs6khCEtqdoV4jCTC2iRYMSG4iycvk85p3XXq7lWj2mwUcZTBETgG J8AFZ6AJLkELtAEGD+AJvIBX69F6tt6s93lpySp6DsEfWB/fkWWdAQ= =</latexit><latexit sha1_base64="cOstUB v9ooqiHHCsXYs87NLn2w4=">AAACDnicbVDLSgMxFM3UV62vUZdugqXg qsxIQZcFNy7row/o1CGTZtrQJDMkGaEM8wVu/BU3LhRx69qdf2OmHUFb DwROzrmXe+8JYkaVdpwvq7Syura+Ud6sbG3v7O7Z+wcdFSUSkzaOWCR7 AVKEUUHammpGerEkiAeMdIPJRe5374lUNBK3ehqTAUcjQUOKkTaSb9c8 jvQ4CNLrzNOUE/Xzv8nuXD/1CGM+z3y76tSdGeAycQtSBQVavv3pDSOc cCI0ZkipvuvEepAiqSlmJKt4iSIxwhM0In1DBTKTB+nsnAzWjDKEYSTN ExrO1N8dKeJKTXlgKvNl1aKXi/95/USH54OUijjRROD5oDBhUEcwzwYO qSRYs6khCEtqdoV4jCTC2iRYMSG4iycvk85p3XXq7lWj2mwUcZTBETgG J8AFZ6AJLkELtAEGD+AJvIBX69F6tt6s93lpySp6DsEfWB/fkWWdAQ= =</latexit><latexit sha1_base64="cOstUB v9ooqiHHCsXYs87NLn2w4=">AAACDnicbVDLSgMxFM3UV62vUZdugqXg qsxIQZcFNy7row/o1CGTZtrQJDMkGaEM8wVu/BU3LhRx69qdf2OmHUFb DwROzrmXe+8JYkaVdpwvq7Syura+Ud6sbG3v7O7Z+wcdFSUSkzaOWCR7 AVKEUUHammpGerEkiAeMdIPJRe5374lUNBK3ehqTAUcjQUOKkTaSb9c8 jvQ4CNLrzNOUE/Xzv8nuXD/1CGM+z3y76tSdGeAycQtSBQVavv3pDSOc cCI0ZkipvuvEepAiqSlmJKt4iSIxwhM0In1DBTKTB+nsnAzWjDKEYSTN ExrO1N8dKeJKTXlgKvNl1aKXi/95/USH54OUijjRROD5oDBhUEcwzwYO qSRYs6khCEtqdoV4jCTC2iRYMSG4iycvk85p3XXq7lWj2mwUcZTBETgG J8AFZ6AJLkELtAEGD+AJvIBX69F6tt6s93lpySp6DsEfWB/fkWWdAQ= =</latexit>
N
<latexit sha1_base64="78j4Qc /sjLVLmF9nYIlJh++3v38=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbB U0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuD gcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHV KLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2VmveDcsWt uguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7 lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS014 42dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO 2ldVz616zVqlXsvjKMIZnMMleHANdbiDBrSAAcIzvMKb8+i8OO/Ox7K1 4OQzp/AHzucPoluMxA==</latexit><latexit sha1_base64="78j4Qc /sjLVLmF9nYIlJh++3v38=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbB U0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuD gcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHV KLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2VmveDcsWt uguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7 lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS014 42dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO 2ldVz616zVqlXsvjKMIZnMMleHANdbiDBrSAAcIzvMKb8+i8OO/Ox7K1 4OQzp/AHzucPoluMxA==</latexit><latexit sha1_base64="78j4Qc /sjLVLmF9nYIlJh++3v38=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbB U0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuD gcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHV KLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2VmveDcsWt uguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7 lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS014 42dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO 2ldVz616zVqlXsvjKMIZnMMleHANdbiDBrSAAcIzvMKb8+i8OO/Ox7K1 4OQzp/AHzucPoluMxA==</latexit><latexit sha1_base64="78j4Qc /sjLVLmF9nYIlJh++3v38=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbB U0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuD gcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHV KLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2VmveDcsWt uguQdeLlpAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7 lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS014 42dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO 2ldVz616zVqlXsvjKMIZnMMleHANdbiDBrSAAcIzvMKb8+i8OO/Ox7K1 4OQzp/AHzucPoluMxA==</latexit>
M
<latexit sha1_base64="mYfCyS N1ilXjlvH77OnNLTDu/H8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbB U0mkoMeCFy9CC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0P Bh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZU o+ASW4Ybgd1EIY0CgZ1gcjv3O0+oNI/lg5km6Ed0JHnIGTVWat4PyhW3 6i5A1omXkwrkaAzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPs WSpphNrPFofOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXh jZ9xmaQGJVsuClNBTEzmX5MhV8iMmFpCmeL2VsLGVFFmbDYlG4K3+vI6 aV9VPbfqNWuVei2PowhncA6X4ME11OEOGtACBgjP8ApvzqPz4rw7H8vW gpPPnMIfOJ8/oNeMww==</latexit><latexit sha1_base64="mYfCyS N1ilXjlvH77OnNLTDu/H8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbB U0mkoMeCFy9CC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0P Bh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZU o+ASW4Ybgd1EIY0CgZ1gcjv3O0+oNI/lg5km6Ed0JHnIGTVWat4PyhW3 6i5A1omXkwrkaAzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPs WSpphNrPFofOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXh jZ9xmaQGJVsuClNBTEzmX5MhV8iMmFpCmeL2VsLGVFFmbDYlG4K3+vI6 aV9VPbfqNWuVei2PowhncA6X4ME11OEOGtACBgjP8ApvzqPz4rw7H8vW gpPPnMIfOJ8/oNeMww==</latexit><latexit sha1_base64="mYfCyS N1ilXjlvH77OnNLTDu/H8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbB U0mkoMeCFy9CC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0P Bh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZU o+ASW4Ybgd1EIY0CgZ1gcjv3O0+oNI/lg5km6Ed0JHnIGTVWat4PyhW3 6i5A1omXkwrkaAzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPs WSpphNrPFofOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXh jZ9xmaQGJVsuClNBTEzmX5MhV8iMmFpCmeL2VsLGVFFmbDYlG4K3+vI6 aV9VPbfqNWuVei2PowhncA6X4ME11OEOGtACBgjP8ApvzqPz4rw7H8vW gpPPnMIfOJ8/oNeMww==</latexit><latexit sha1_base64="mYfCyS N1ilXjlvH77OnNLTDu/H8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbB U0mkoMeCFy9CC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0P Bh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZU o+ASW4Ybgd1EIY0CgZ1gcjv3O0+oNI/lg5km6Ed0JHnIGTVWat4PyhW3 6i5A1omXkwrkaAzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPs WSpphNrPFofOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXh jZ9xmaQGJVsuClNBTEzmX5MhV8iMmFpCmeL2VsLGVFFmbDYlG4K3+vI6 aV9VPbfqNWuVei2PowhncA6X4ME11OEOGtACBgjP8ApvzqPz4rw7H8vW gpPPnMIfOJ8/oNeMww==</latexit>
M5
<latexit sha1_ base64="wrMRlYd9vAG+qOsYaGmZ fVzK8Vc=">AAAB8HicbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0WPBixehgv 2QNpTNdtMu3U3C7kQsob/CiwdFvP pzvPlv3LY5aOuDgcd7M8zMCxIpDL rut1NYWV1b3yhulra2d3b3yvsHTR OnmvEGi2Ws2wE1XIqIN1Cg5O1Ec6 oCyVvB6Hrqtx65NiKO7nGccF/RQS RCwSha6aGL/Amz24tJr1xxq+4MZJ l4OalAjnqv/NXtxyxVPEImqTEdz0 3Qz6hGwSSflLqp4QllIzrgHUsjqr jxs9nBE3JilT4JY20rQjJTf09kVB kzVoHtVBSHZtGbiv95nRTDKz8TUZ Iij9h8UZhKgjGZfk/6QnOGcmwJZV rYWwkbUk0Z2oxKNgRv8eVl0jyrem 7Vuzuv1M7zOIpwBMdwCh5cQg1uoA 4NYKDgGV7hzdHOi/PufMxbC04+cw h/4Hz+ANmTkGE=</latexit><latexit sha1_ base64="wrMRlYd9vAG+qOsYaGmZ fVzK8Vc=">AAAB8HicbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0WPBixehgv 2QNpTNdtMu3U3C7kQsob/CiwdFvP pzvPlv3LY5aOuDgcd7M8zMCxIpDL rut1NYWV1b3yhulra2d3b3yvsHTR OnmvEGi2Ws2wE1XIqIN1Cg5O1Ec6 oCyVvB6Hrqtx65NiKO7nGccF/RQS RCwSha6aGL/Amz24tJr1xxq+4MZJ l4OalAjnqv/NXtxyxVPEImqTEdz0 3Qz6hGwSSflLqp4QllIzrgHUsjqr jxs9nBE3JilT4JY20rQjJTf09kVB kzVoHtVBSHZtGbiv95nRTDKz8TUZ Iij9h8UZhKgjGZfk/6QnOGcmwJZV rYWwkbUk0Z2oxKNgRv8eVl0jyrem 7Vuzuv1M7zOIpwBMdwCh5cQg1uoA 4NYKDgGV7hzdHOi/PufMxbC04+cw h/4Hz+ANmTkGE=</latexit><latexit sha1_ base64="wrMRlYd9vAG+qOsYaGmZ fVzK8Vc=">AAAB8HicbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0WPBixehgv 2QNpTNdtMu3U3C7kQsob/CiwdFvP pzvPlv3LY5aOuDgcd7M8zMCxIpDL rut1NYWV1b3yhulra2d3b3yvsHTR OnmvEGi2Ws2wE1XIqIN1Cg5O1Ec6 oCyVvB6Hrqtx65NiKO7nGccF/RQS RCwSha6aGL/Amz24tJr1xxq+4MZJ l4OalAjnqv/NXtxyxVPEImqTEdz0 3Qz6hGwSSflLqp4QllIzrgHUsjqr jxs9nBE3JilT4JY20rQjJTf09kVB kzVoHtVBSHZtGbiv95nRTDKz8TUZ Iij9h8UZhKgjGZfk/6QnOGcmwJZV rYWwkbUk0Z2oxKNgRv8eVl0jyrem 7Vuzuv1M7zOIpwBMdwCh5cQg1uoA 4NYKDgGV7hzdHOi/PufMxbC04+cw h/4Hz+ANmTkGE=</latexit><latexit sha1_ base64="wrMRlYd9vAG+qOsYaGmZ fVzK8Vc=">AAAB8HicbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0WPBixehgv 2QNpTNdtMu3U3C7kQsob/CiwdFvP pzvPlv3LY5aOuDgcd7M8zMCxIpDL rut1NYWV1b3yhulra2d3b3yvsHTR OnmvEGi2Ws2wE1XIqIN1Cg5O1Ec6 oCyVvB6Hrqtx65NiKO7nGccF/RQS RCwSha6aGL/Amz24tJr1xxq+4MZJ l4OalAjnqv/NXtxyxVPEImqTEdz0 3Qz6hGwSSflLqp4QllIzrgHUsjqr jxs9nBE3JilT4JY20rQjJTf09kVB kzVoHtVBSHZtGbiv95nRTDKz8TUZ Iij9h8UZhKgjGZfk/6QnOGcmwJZV rYWwkbUk0Z2oxKNgRv8eVl0jyrem 7Vuzuv1M7zOIpwBMdwCh5cQg1uoA 4NYKDgGV7hzdHOi/PufMxbC04+cw h/4Hz+ANmTkGE=</latexit>
M5
<latexit sha1_ base64="wrMRlYd9vAG+qOsYaGmZ fVzK8Vc=">AAAB8HicbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0WPBixehgv 2QNpTNdtMu3U3C7kQsob/CiwdFvP pzvPlv3LY5aOuDgcd7M8zMCxIpDL rut1NYWV1b3yhulra2d3b3yvsHTR OnmvEGi2Ws2wE1XIqIN1Cg5O1Ec6 oCyVvB6Hrqtx65NiKO7nGccF/RQS RCwSha6aGL/Amz24tJr1xxq+4MZJ l4OalAjnqv/NXtxyxVPEImqTEdz0 3Qz6hGwSSflLqp4QllIzrgHUsjqr jxs9nBE3JilT4JY20rQjJTf09kVB kzVoHtVBSHZtGbiv95nRTDKz8TUZ Iij9h8UZhKgjGZfk/6QnOGcmwJZV rYWwkbUk0Z2oxKNgRv8eVl0jyrem 7Vuzuv1M7zOIpwBMdwCh5cQg1uoA 4NYKDgGV7hzdHOi/PufMxbC04+cw h/4Hz+ANmTkGE=</latexit><latexit sha1_ base64="wrMRlYd9vAG+qOsYaGmZ fVzK8Vc=">AAAB8HicbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0WPBixehgv 2QNpTNdtMu3U3C7kQsob/CiwdFvP pzvPlv3LY5aOuDgcd7M8zMCxIpDL rut1NYWV1b3yhulra2d3b3yvsHTR OnmvEGi2Ws2wE1XIqIN1Cg5O1Ec6 oCyVvB6Hrqtx65NiKO7nGccF/RQS RCwSha6aGL/Amz24tJr1xxq+4MZJ l4OalAjnqv/NXtxyxVPEImqTEdz0 3Qz6hGwSSflLqp4QllIzrgHUsjqr jxs9nBE3JilT4JY20rQjJTf09kVB kzVoHtVBSHZtGbiv95nRTDKz8TUZ Iij9h8UZhKgjGZfk/6QnOGcmwJZV rYWwkbUk0Z2oxKNgRv8eVl0jyrem 7Vuzuv1M7zOIpwBMdwCh5cQg1uoA 4NYKDgGV7hzdHOi/PufMxbC04+cw h/4Hz+ANmTkGE=</latexit><latexit sha1_ base64="wrMRlYd9vAG+qOsYaGmZ fVzK8Vc=">AAAB8HicbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0WPBixehgv 2QNpTNdtMu3U3C7kQsob/CiwdFvP pzvPlv3LY5aOuDgcd7M8zMCxIpDL rut1NYWV1b3yhulra2d3b3yvsHTR OnmvEGi2Ws2wE1XIqIN1Cg5O1Ec6 oCyVvB6Hrqtx65NiKO7nGccF/RQS RCwSha6aGL/Amz24tJr1xxq+4MZJ l4OalAjnqv/NXtxyxVPEImqTEdz0 3Qz6hGwSSflLqp4QllIzrgHUsjqr jxs9nBE3JilT4JY20rQjJTf09kVB kzVoHtVBSHZtGbiv95nRTDKz8TUZ Iij9h8UZhKgjGZfk/6QnOGcmwJZV rYWwkbUk0Z2oxKNgRv8eVl0jyrem 7Vuzuv1M7zOIpwBMdwCh5cQg1uoA 4NYKDgGV7hzdHOi/PufMxbC04+cw h/4Hz+ANmTkGE=</latexit><latexit sha1_ base64="wrMRlYd9vAG+qOsYaGmZ fVzK8Vc=">AAAB8HicbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0WPBixehgv 2QNpTNdtMu3U3C7kQsob/CiwdFvP pzvPlv3LY5aOuDgcd7M8zMCxIpDL rut1NYWV1b3yhulra2d3b3yvsHTR OnmvEGi2Ws2wE1XIqIN1Cg5O1Ec6 oCyVvB6Hrqtx65NiKO7nGccF/RQS RCwSha6aGL/Amz24tJr1xxq+4MZJ l4OalAjnqv/NXtxyxVPEImqTEdz0 3Qz6hGwSSflLqp4QllIzrgHUsjqr jxs9nBE3JilT4JY20rQjJTf09kVB kzVoHtVBSHZtGbiv95nRTDKz8TUZ Iij9h8UZhKgjGZfk/6QnOGcmwJZV rYWwkbUk0Z2oxKNgRv8eVl0jyrem 7Vuzuv1M7zOIpwBMdwCh5cQg1uoA 4NYKDgGV7hzdHOi/PufMxbC04+cw h/4Hz+ANmTkGE=</latexit>
IIB
<latexit sha1_base64="5EIa192HJheWdc3q2ES5pqPLByI=">AAAB 8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI9BL+YWwTwwWcLsZJIMmZ1dZnrFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/Lb hZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWeugif8K0Vrue9oolt+zOQVaJl5ESZKj3il/d fsSSkCtkkhrT8dwY/ZRqFEzyaaGbGB5TNqZD3rFU0ZAbP51fPCVnVumTQaRtKSRz9fdESkNjJmFgO0OKI7PszcT/vE6Cgys/FSpOkCu2WDRIJMGI zN4nfaE5QzmxhDIt7K2EjaimDG1IBRuCt/zyKmlelD237N1VStVKFkceTuAUzsGDS6jCLdShAQwUPMMrvDnGeXHenY9Fa87JZo7hD5zPH35akL0= </latexit><latexit sha1_base64="5EIa192HJheWdc3q2ES5pqPLByI=">AAAB 8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI9BL+YWwTwwWcLsZJIMmZ1dZnrFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/Lb hZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWeugif8K0Vrue9oolt+zOQVaJl5ESZKj3il/d fsSSkCtkkhrT8dwY/ZRqFEzyaaGbGB5TNqZD3rFU0ZAbP51fPCVnVumTQaRtKSRz9fdESkNjJmFgO0OKI7PszcT/vE6Cgys/FSpOkCu2WDRIJMGI zN4nfaE5QzmxhDIt7K2EjaimDG1IBRuCt/zyKmlelD237N1VStVKFkceTuAUzsGDS6jCLdShAQwUPMMrvDnGeXHenY9Fa87JZo7hD5zPH35akL0= </latexit><latexit sha1_base64="5EIa192HJheWdc3q2ES5pqPLByI=">AAAB 8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI9BL+YWwTwwWcLsZJIMmZ1dZnrFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/Lb hZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWeugif8K0Vrue9oolt+zOQVaJl5ESZKj3il/d fsSSkCtkkhrT8dwY/ZRqFEzyaaGbGB5TNqZD3rFU0ZAbP51fPCVnVumTQaRtKSRz9fdESkNjJmFgO0OKI7PszcT/vE6Cgys/FSpOkCu2WDRIJMGI zN4nfaE5QzmxhDIt7K2EjaimDG1IBRuCt/zyKmlelD237N1VStVKFkceTuAUzsGDS6jCLdShAQwUPMMrvDnGeXHenY9Fa87JZo7hD5zPH35akL0= </latexit><latexit sha1_base64="5EIa192HJheWdc3q2ES5pqPLByI=">AAAB 8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI9BL+YWwTwwWcLsZJIMmZ1dZnrFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/Lb hZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWeugif8K0Vrue9oolt+zOQVaJl5ESZKj3il/d fsSSkCtkkhrT8dwY/ZRqFEzyaaGbGB5TNqZD3rFU0ZAbP51fPCVnVumTQaRtKSRz9fdESkNjJmFgO0OKI7PszcT/vE6Cgys/FSpOkCu2WDRIJMGI zN4nfaE5QzmxhDIt7K2EjaimDG1IBRuCt/zyKmlelD237N1VStVKFkceTuAUzsGDS6jCLdShAQwUPMMrvDnGeXHenY9Fa87JZo7hD5zPH35akL0= </latexit>
IIA
<latexit sha1_base64="+ADD/8Ym0JOR3CNemPiyMZFs4iQ=">AAAB 8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8RL+YWwTwwWcLsZJIMmZ1dZnrFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/Lb hZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWeugif8K0Vrue9oolt+zOQVaJl5ESZKj3il/d fsSSkCtkkhrT8dwY/ZRqFEzyaaGbGB5TNqZD3rFU0ZAbP51fPCVnVumTQaRtKSRz9fdESkNjJmFgO0OKI7PszcT/vE6Cgys/FSpOkCu2WDRIJMGI zN4nfaE5QzmxhDIt7K2EjaimDG1IBRuCt/zyKmlelD237N1VStVKFkceTuAUzsGDS6jCLdShAQwUPMMrvDnGeXHenY9Fa87JZo7hD5zPH3zVkLw= </latexit><latexit sha1_base64="+ADD/8Ym0JOR3CNemPiyMZFs4iQ=">AAAB 8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8RL+YWwTwwWcLsZJIMmZ1dZnrFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/Lb hZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWeugif8K0Vrue9oolt+zOQVaJl5ESZKj3il/d fsSSkCtkkhrT8dwY/ZRqFEzyaaGbGB5TNqZD3rFU0ZAbP51fPCVnVumTQaRtKSRz9fdESkNjJmFgO0OKI7PszcT/vE6Cgys/FSpOkCu2WDRIJMGI zN4nfaE5QzmxhDIt7K2EjaimDG1IBRuCt/zyKmlelD237N1VStVKFkceTuAUzsGDS6jCLdShAQwUPMMrvDnGeXHenY9Fa87JZo7hD5zPH3zVkLw= </latexit><latexit sha1_base64="+ADD/8Ym0JOR3CNemPiyMZFs4iQ=">AAAB 8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8RL+YWwTwwWcLsZJIMmZ1dZnrFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/Lb hZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWeugif8K0Vrue9oolt+zOQVaJl5ESZKj3il/d fsSSkCtkkhrT8dwY/ZRqFEzyaaGbGB5TNqZD3rFU0ZAbP51fPCVnVumTQaRtKSRz9fdESkNjJmFgO0OKI7PszcT/vE6Cgys/FSpOkCu2WDRIJMGI zN4nfaE5QzmxhDIt7K2EjaimDG1IBRuCt/zyKmlelD237N1VStVKFkceTuAUzsGDS6jCLdShAQwUPMMrvDnGeXHenY9Fa87JZo7hD5zPH3zVkLw= </latexit><latexit sha1_base64="+ADD/8Ym0JOR3CNemPiyMZFs4iQ=">AAAB 8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8RL+YWwTwwWcLsZJIMmZ1dZnrFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/Lb hZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWeugif8K0Vrue9oolt+zOQVaJl5ESZKj3il/d fsSSkCtkkhrT8dwY/ZRqFEzyaaGbGB5TNqZD3rFU0ZAbP51fPCVnVumTQaRtKSRz9fdESkNjJmFgO0OKI7PszcT/vE6Cgys/FSpOkCu2WDRIJMGI zN4nfaE5QzmxhDIt7K2EjaimDG1IBRuCt/zyKmlelD237N1VStVKFkceTuAUzsGDS6jCLdShAQwUPMMrvDnGeXHenY9Fa87JZo7hD5zPH3zVkLw= </latexit>
M-th
<latexit sha1_base64="2tUr/5zLN49ypr2smLtZWHI1fEA=">AAAB 8nicbVBNS8NAEN3Ur1q/qh69LBbBiyWRgh4LXrwIFewHtKFstpN26WYTdidiCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXpBIYdB1v53C2vrG5lZx u7Szu7d/UD48apk41RyaPJax7gTMgBQKmihQQifRwKJAQjsY38z89iNoI2L1gJME/IgNlQgFZ2ilbg/hCbO7CxxN++WKW3XnoKvEy0mF5Gj0y1+9 QczTCBRyyYzpem6CfsY0Ci5hWuqlBhLGx2wIXUsVi8D42fzkKT2zyoCGsbalkM7V3xMZi4yZRIHtjBiOzLI3E//zuimG134mVJIiKL5YFKaSYkxn /9OB0MBRTixhXAt7K+UjphlHm1LJhuAtv7xKWpdVz61697VKvZbHUSQn5JScE49ckTq5JQ3SJJzE5Jm8kjcHnRfn3flYtBacfOaY/IHz+QNsX5FJ </latexit><latexit sha1_base64="2tUr/5zLN49ypr2smLtZWHI1fEA=">AAAB 8nicbVBNS8NAEN3Ur1q/qh69LBbBiyWRgh4LXrwIFewHtKFstpN26WYTdidiCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXpBIYdB1v53C2vrG5lZx u7Szu7d/UD48apk41RyaPJax7gTMgBQKmihQQifRwKJAQjsY38z89iNoI2L1gJME/IgNlQgFZ2ilbg/hCbO7CxxN++WKW3XnoKvEy0mF5Gj0y1+9 QczTCBRyyYzpem6CfsY0Ci5hWuqlBhLGx2wIXUsVi8D42fzkKT2zyoCGsbalkM7V3xMZi4yZRIHtjBiOzLI3E//zuimG134mVJIiKL5YFKaSYkxn /9OB0MBRTixhXAt7K+UjphlHm1LJhuAtv7xKWpdVz61697VKvZbHUSQn5JScE49ckTq5JQ3SJJzE5Jm8kjcHnRfn3flYtBacfOaY/IHz+QNsX5FJ </latexit><latexit sha1_base64="2tUr/5zLN49ypr2smLtZWHI1fEA=">AAAB 8nicbVBNS8NAEN3Ur1q/qh69LBbBiyWRgh4LXrwIFewHtKFstpN26WYTdidiCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXpBIYdB1v53C2vrG5lZx u7Szu7d/UD48apk41RyaPJax7gTMgBQKmihQQifRwKJAQjsY38z89iNoI2L1gJME/IgNlQgFZ2ilbg/hCbO7CxxN++WKW3XnoKvEy0mF5Gj0y1+9 QczTCBRyyYzpem6CfsY0Ci5hWuqlBhLGx2wIXUsVi8D42fzkKT2zyoCGsbalkM7V3xMZi4yZRIHtjBiOzLI3E//zuimG134mVJIiKL5YFKaSYkxn /9OB0MBRTixhXAt7K+UjphlHm1LJhuAtv7xKWpdVz61697VKvZbHUSQn5JScE49ckTq5JQ3SJJzE5Jm8kjcHnRfn3flYtBacfOaY/IHz+QNsX5FJ </latexit><latexit sha1_base64="2tUr/5zLN49ypr2smLtZWHI1fEA=">AAAB 8nicbVBNS8NAEN3Ur1q/qh69LBbBiyWRgh4LXrwIFewHtKFstpN26WYTdidiCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXpBIYdB1v53C2vrG5lZx u7Szu7d/UD48apk41RyaPJax7gTMgBQKmihQQifRwKJAQjsY38z89iNoI2L1gJME/IgNlQgFZ2ilbg/hCbO7CxxN++WKW3XnoKvEy0mF5Gj0y1+9 QczTCBRyyYzpem6CfsY0Ci5hWuqlBhLGx2wIXUsVi8D42fzkKT2zyoCGsbalkM7V3xMZi4yZRIHtjBiOzLI3E//zuimG134mVJIiKL5YFKaSYkxn /9OB0MBRTixhXAt7K+UjphlHm1LJhuAtv7xKWpdVz61697VKvZbHUSQn5JScE49ckTq5JQ3SJJzE5Jm8kjcHnRfn3flYtBacfOaY/IHz+QNsX5FJ </latexit>
T-duality
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Figure 1. Sketch of a type IIB geometry (top picture), its T-dual type IIA Hanany-Witten setup
(middle picture) and the M-theory uplift (lower picture). The “physical” plane C2 on the left rep-
resents the space on which the gauge theory lives, AM−1 denotes the blowup of C2/ZM singularity
in the transverse space, and the cylinder on the right is the internal space of the little string theory.
T-duality along the circle fibers of the AM−1 geometry produces M additional NS5 branes spanning
the “physical” C2. In the M-theory picture there is an emerging cylinder. At a generic point on
the Coulomb branch the M5 branes coalesce into a single brane wrapping the SW curve in the
cotangent bundle of Gaiotto’s base curve where a 2d CFT is supposed to live due to AGT. The
symmetry between two cylinders in the M-theory setup gives rise to the spectral duality exchanging
M and N . Though the decompactification limit treats the cylinders differently (and hence the W
and W1,2 algebras look different) the duality persists.
the Hilbert space featuring in KP construction. As we have discussed previously, the AGT
and KP setups are related by spectral duality, so the quantum integrable systems should
also be related to each other in this fashion. Indeed, the avatar of the spectral duality for
these systems is the so-called PQ-duality. Classically, PQ-dual integrable systems share
the same phase space with an invertible symplectomorphism between the action-angle vari-
ables of one system to angle-action variables of the other [76, 77]. At the quantum level,
the cleanest examples can perhaps be found in the many-body Calogero-Moser-Sutherland
(CMS) and Ruijsenaars-Schneider (RS) models: considering the type of positions/momenta
of the particles, trigonometric/trigonometric or rational/rational models are self-dual, while
trigonometric/rational and rational/trigonometric are dual to each other. Even though the
Hamiltonians of non-self-dual systems are very different looking, PQ-duality ensures that
they share the same eigenfunctions, hence determining a generalized Fourier kernel. Inter-
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estingly enough, these systems also arise in our context. For A-type algebras, it is known
that Wq,t−1(AN ) singular vectors are described by Macdonald polynomials [44], which are
tRS eigenfunctions. Similarly, WN singular vectors are described by Jack polynomials,
which are tCMS eigenfunctions [78]. This can be seen as a consequence of the CFT limit
which takes Wq,t−1(AN ) to WN , hence tRS to tCMS and specializes Macdonald to Jack
functions. On the other hand, the ~-limit reduces tRS to rRS, which is PQ-dual to the
tCMS model. We show how the rRS eigenfunctions are naturally constructed in terms of
W1,2(AN ) screening operators, hence supporting the claim that our algebras are spectral
dual to ordinary W algebras.
From the gauge theory perspective, the rRS/tCMS eigenfunctions are partition functions of
two different 2d limits of the 3d self-mirror T [U(N)] theory [79–82]. In fact, W1,2 algebras
also describe 2d N = (2, 2) quiver gauge theories, which nicely reflects the possibility of
including codim-2 defects in the parent 4d N = 2 theories [83–86]. This relation between
integrable systems and gauge theories also explains why spectral duality acts very differ-
ently across dimensions: Wq,t−1 algebras of 5d or 3d theories are associated to self-dual
systems and hence spectral duality (cf. fiber/base or 3d mirror symmetry) acts between
weakly coupled gauge theories; W/W1,2 algebras of 4d or 2d theories are associated to
non-self-dual systems and hence spectral duality (cf. S- or T-duality or 2d mirror symme-
try) acts between theories that may not be in the same class, such as a strong/weak or
GLSM/LG duality [87–89].
The rest of the paper is structured as follows. In section 2, we review KP construction
of quiver Wq,t−1 algebras and their relation to 5d instanton and 3d vortex calculus. In
section 3, we investigate the ~-limit of Wq,t−1 algebras defining the W1,2 algebras. In
particular, we give their definition through the screening currents, bosonization formulas
and the corresponding conformal blocks which are explicitly equal to 4d instanton or 2d
vortex partition functions. In section 4, we provide explicit comparisons with W algebras
and study the PQ-duality of the relevant integrable systems. Finally, we present our con-
clusions, further comments and open questions in section 5. The paper is supplemented by
appendices, where conventions, notations and some technical aspects of the computations
are collected.
2 Quiver Wq,t−1 algebras, instantons and vortices
The main goal of this section is to review KP construction [63] of quiver Wq,t−1 algebras
associated to 5d N = 1 Yang-Mills quiver gauge theories with unitary gauge groups,
possibly coupled to (anti-)fundamental matter, in the 5d Ω-background. For simplicity, we
consider no Chern-Simons terms. The most important piece of common data is the quiver
Ξ, which is simply a collection of nodes Ξ◦ and arrows Ξ→ (see figure 2 for an example).
The quiver determines the algebra Wq,t−1(Ξ) and the interactions between gauge groups
(nodes) through bi-fundamental matter (arrows). We assume that the quiver has no arrows
without source or target since this type of arrows, associated to (anti-)fundamental hypers,
can be easily added later on. The structure of the quiver can compactly be encoded into
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its deformed Cartan matrix C˚ ∈ C|Ξ◦|×C|Ξ◦| (not necessarily associated to a Lie algebra).
Given two nodes a, b ∈ Ξ◦ and arrows e ∈ Ξ→ between them, we define (slightly changing
KP’s definition)
C˚ab ≡ (p1/2 + p−1/2)δab −
∑
e:a→b
p−1/2µe −
∑
e:b→a
p1/2µ−1e , (2.1)
where p, µe ∈ C× are decoration parameters associated to the nodes and arrows respec-
Figure 2. Small piece of a quiver Ξ. Explicitly shown are two nodes a, b ∈ Ξ◦, arrows e ∈ Ξ→
from a to b or viceversa, and several arrows with source or target in a or b.
tively, which are part of the deformation parameters of the algebra, that is the equivariant
parameters of the gauge theory. The deformation parameters q, t ∈ C× are such that
p = qt−1. In the gauge theory, they are usually parametrized by4
q ≡ e−~1 , t ≡ e~2 , (2.2)
and are identified with the rotational equivariant parameters of the 5d Ω-background
C2q,t−1 × S1, with ~ measuring the size of the S1 radius, while µe ≡ e−~Me represent bi-
fundamental (mass) fugacities.5
2.1 The algebra
For our purposes, the most convenient way to introduce the Wq,t−1(Ξ) algebra is through
its free boson realization. Let us start by defining a root-type Heisenberg algebra generated
by oscillators {san, n ∈ Z6=0}a∈Ξ◦ and zero modes {s˜a0, sa0}a∈Ξ◦ such that (we show non-trivial
relations only)
[san, s
b
m] = −
1
n
(qn/2 − q−n/2)(t−n/2 − tn/2)C˚ [n]ab δn+m,0 , [s˜a0, sb0] = C˚ [0]ab , (2.3)
4Since the definitions make sense for complex parameters, we omitted several factors of i w.r.t. other
conventions in the existing literature.
5In order to compare with [63], we have to identify (q)here = (q2)there, (t)here = (q
−1
1 )there. Also, the region
of the parameter space may be restricted to ensure convergence of various expressions below.
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where the operation [n] replaces each parameter with its nth power.6 We next define the
screening current
Sa(x) ≡ : esa(x) : , sa(x) ≡ −
∑
n 6=0
san x
−n
qn/2 − q−n/2 +
√
βsa0 +
√
βs˜a0 lnx , (2.4)
where we have introduced β ≡ ln t/ ln q and the normal ordering symbol : : means
moving all the non-positive modes to the left. The Wq,t−1(Ξ) algebra can be defined as the
commutant (up to total q-derivatives) of the screening current in the Heisenberg algebra,
namely
Wq,t−1(Ξ) ≡ {Tan, n ∈ Z}a∈Ξ◦ such that [Tan,Sb(x)] = δab
dq
dqx
(· · · ) , (2.5)
where we have defined the q-derivative
dq
dqx
f(x) ≡ f(q
1/2x)− f(q−1/2x)
(q1/2 − q−1/2)x . (2.6)
A more direct definition of the algebra is also possible by introducing weight-type Heisen-
berg oscillators {yan, n ∈ Z6=0}a∈Ξ◦ and zero modes {y˜a0 ,ya0}a∈Ξ◦ satisfying
[yan, s
b
m] = −
1
n
(qn/2 − q−n/2)(t−n/2 − tn/2)δab δn+m,0 , [y˜a0 , sb0] = [s˜a0,yb0] = δab , (2.7)
along with the fundamental vertices
Ya(x) ≡ : eya(x) : , ya(x) ≡
∑
n6=0
yanx
−n +
√
βy˜a0 ln q + ln p
∑
b∈Ξ◦
(C˚−1)[0]ab . (2.8)
Then the Wq,t−1(Ξ) generating currents T
a(x) ≡ ∑n∈ZTanx−n can be obtained by ap-
plying the iWeyl reflections (the analogous of Weyl reflections for a root system) to the
fundamental vertices7
Ta(x) ≡ Ya(p−1/2x) + all iWeyl reflections . (2.9)
Because of this definition, the generating currents are also known as qq-characters (we
refer to [91] for a recent gauge theory application, and [92, 93] for further gauge theory
derivations in addition to the works by Nekrasov, Pestun and Shatashvili), a double quanti-
zation of SW geometries which also provide the deformation of q-characters [94] of quantum
affine algebras (see also [95] for related work in the context of the Yangian algebras). Un-
fortunately, this type of expression rapidly becomes cumbersome as the number of nodes
increases or if there are loops. However, for the simplest single node quiver with no arrows,
i.e. Ξ = A1, we get a sufficiently manageable expression for the generating current, namely
T(x) = Y(p−1/2x) + Y(p1/2x)−1 . (2.10)
6Note that our conventions are slightly different from those of [45]. e.g. our s’s are related to their a’s.
7For the AM case, these generators were obtained from the quantum Miura transform [43, 44], while explicit
expressions for simple Lie algebras were given in [90].
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This algebra is also known as the q-Virasoro algebra, and it can equivalently be defined as
the associative algebra whose currents are subject to the quadratic relation
f˚(w/z)T(z)T(w)− f˚(z/w)T(w)T(z) = −(1− q)(1− t
−1)
(1− p) (δ(pw/z)− δ(pz/w)) , (2.11)
where
f˚(x) ≡
∑
n≥0
fnx
n ≡ exp
(∑
n>0
(1− qn)(1− t−n)
(1 + pn)
xn
n
)
=
(p2x; p2)∞(t−1x; p2)∞(qx; p2)∞
(x; p2)∞(pt−1x; p2)∞(pqx; p2)∞
(2.12)
is the structure function and δ(x) ≡∑n∈Z xn is the multiplicative δ-function.
2.2 Free field correlators
The basic observables one can consider are free boson correlators between Fock states built
on a (charged) Fock vacuum |α〉 and its dual 〈α|, which are characterized by
san>0|α〉 = 0 , s˜a0|α〉 = αa|α〉 , |α〉 ≡ e
∑
a α
aya0 |0〉 ,
〈α|san<0 = 0 , 〈α|s˜a0 = αa〈α| , 〈α| ≡ 〈α|e−
∑
a α
aya0 , (2.13)
with 〈0|0〉 = 1. Because of the screening property (2.5), correlators involving an arbitrary
number of screening charges are of primary importance, e.g. to derive Ward identities
or q-deformed conformal blocks in Dotsenko-Fateev representation [36, 39–41]. There are
two (complementary) definitions or routes one can pursue to define and use the screening
charges, either by using standard contour integrals or Jackson integrals. In the first case,
one simply defines the screening charges as
Qa ≡
∮
dx Sa(x) , (2.14)
where a choice of integration contour within correlators is to be understood, while in the
second case one defines
Qaz ≡
∫
z
dxq S
a(x) ≡
∑
k∈Z
zqk Sa(zqk) . (2.15)
Remark. In the latter definition, an arbitrary parameter z has been introduced. This
suggests to call Qaz the based screening charge with base point z. The possibility of intro-
ducing such parameter can be considered also in the contour integral representation, for
instance by introducing a q-constant8 which cannot be a priori fixed. Eventually, the two
definitions can be made equivalent, but each one has its own virtues: as we are going to
review below, the first definition is more useful for dealing with a finite number of screen-
ing charges or computing 3d vortex partition functions in the gauge theory side, while the
8These are functions cq(x) which in the multiplicative notation satisfy cq(qx) = cq(x). They are closely
related to elliptic functions.
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second definition is more useful for dealing with an infinite number of screening charges
or computing 5d instanton partition functions, where z is mapped to the Coulomb branch
parameter. The relation between the two approaches is detailed in [96].
Since one of the main goals of this section is to review KP construction of Wq,t−1(Ξ) algebras
and their relation to 5d instanton counting, we start by reviewing the second approach.
Let us start by considering infinitely-many base points z∅aAi labeled by the nodes a ∈ Ξ◦
of the quiver Ξ and two positive integers (A, i). These points form the set χ∅ ≡ ∪a∈Ξ◦χa∅
(ground configuration) whose components are defined by9
χa∅ ≡ {z∅aAi |A = 1, ..., Na , i = 1, ...,∞} . (2.16)
Introducing auxiliary parameters xaA ∈ C×, we concretely set
z∅aAi ≡ xaAt
1−i . (2.17)
Similarly, let us also define the set χ ≡ ∪a∈Ξ◦χa in which each base point is shifted by
an arbitrary integer power of q determined by a sequence of integers kaAi ∈ Z (excited
configurations), namely
χa ≡ {z∅aAiq
kaAi |A = 1, ..., Na , i = 1, ...,∞} . (2.18)
As it will be clear in the next subsection, this set contains the fixed points of the torus
action on the instanton moduli space arising from equivariant localization. In the following,
it will be convenient to introduce the short-hand notation
zkaAi ≡ z∅aAiq
kaAi = xaAt
1−iqk
a
Ai . (2.19)
We can now pick an order ≺ on χ, which for definiteness we take as follows: i) we assign
an order on Ξ◦ by simply choosing a labeling a = 1, . . . , |Ξ◦|, and then we take zkaAi ≺ zkbBj
if a < b; ii) if a = b, then we take zkaAi ≺ zkaBj if A < B; iii) if A = B, then we take
zkaAi ≺ zkaAj if i < j. In fact, without loss of generality, we can take |q|, |t−1| < 1 and
assume that zkaAi ≺ zkaBj corresponds to the radial ordering of the base points. Next, we
define the operator
Ẑ ≡
≺∏
z∈χ∅
Qi(z)z =
∑
{ka}
|Ξ◦|∏
a=1
≺∏
z∈χa
z Sa(z) , (2.20)
where i(z) simply denotes the index of the ground component to which z belongs to,
namely i(z) = a if z ∈ χa∅. The crucial point here is the computation of the normal
ordering function arising from commuting the non-positive modes of the screening currents
to the right, which can be easily determined from the 2-point function
Sa(x)Sb(w) = : Sa(x)Sb(w) : ∆anodes(w/x)
δab ∆abarrows(w/x) x
βC
[0]
ab , (2.21)
where we have defined
∆anodes(x) ≡
(x; q)∞(px; q)∞
(tx; q)∞(qx; q)∞
, ∆abarrows(x) ≡
∏
e:a→b
(tµex; q)∞
(µex; q)∞
∏
e:b→a
(qx/µe; q)∞
(px/µe; q)∞
. (2.22)
9The appearing of indices of the type Ai etc. stands for the pair (A, i), i.e. no multiplication.
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A straightforward computation yields
∏
a
≺∏
z∈χa
z Sa(z) = :
∏
a
≺∏
z∈χa
Sa(z) :
∏
a
caq(z∅a)×
×
∏
(a,A,i)
z
√
βα̂aΞ
kaAi
∏
a
∆̂aad.(zka)
∏
a<b
∆̂abbif.(zka/zkb) , (2.23)
where we have defined the functions
ĉaq(z∅a) ≡
∏
(A,i)≺(B,j)
(
z∅aAi
z∅aBj
)β
2
C˚
[0]
aa Θ(tz∅aAi/z∅aBj ; q)
Θ(z∅aAi/z∅aBj ; q)
∏
e:a→a
Θ(µez∅aAi/z∅aBj ; q)
Θ(tµez∅aAi/z∅aBj ; q)
, (2.24)
∆̂aad.(zka) ≡
∏
(A,i) 6=(B,j)
A,B=1,...,Na
i,j=1,...,∞
(xaA/xaBq
kaAi−kaBj tj−i; q)∞
(txaA/xaBq
kaAi−kaBj tj−i; q)∞
∏
e:a→a
(tµexaA/xaBq
kaAi−kaBj tj−i; q)∞
(µexaA/xaBq
kaAi−kaBj tj−i; q)∞
,
(2.25)
∆̂abbif.(zka/zkb) ≡
∏
A=1,...,Na
B=1,...,Nb
i,j=1,...,∞
∏
e:a→b
(tµexbB/xaAq
kbBj−kaAiti−j ; q)∞
(µexbB/xaAq
kbBj−kaAiti−j ; q)∞
×
×
∏
A=1,...,Na
B=1,...,Nb
i,j=1,...,∞
∏
e:b→a
(tpµexaA/xbBq
kaAi−kbBj tj−i; q)∞
(µepxaA/xbBq
kaAi−kbBj tj−i; q)∞
, (2.26)
and the (bare) charges
α̂aΞ ≡
√
β
∑
b
C˚
[0]
ab
2
|χb| − C˚
[0]
aa
2
√
β +
1√
β
. (2.27)
We have introduced the hats everywhere to remind us that we are considering infinitely-
many variables, hence there can be subtleties. In fact, with an abuse of notation, we have
denoted by |χa| the cardinality of the set χa, which is of course infinite. We explain how to
deal with these infinities in the following. Basically, all the divergences come from the zero
modes of the screening currents, and this is due to the fact that we are considering infinite
dimensional sets of insertion points. We can immediately see that the simple factor∏
(a,A,i)
z
√
βα̂aΞ
kaAi
=
∏
(a,A,i)
(
xaAt
1−i)√βα̂aΞ × q∑(a,A)√βα̂aΞ|kaA| , (2.28)
where we have set |kaA| ≡
∑
i k
a
Ai, may be problematic. Note that the absolute value of |kaA|
can be large but finite for configurations with a finite number of finite parts kaAi, namely
kaAi = 0 for i large enough. We will see momentarily how this comes about. The first
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factor of the expression above is ill-defined but this type of divergence is independent of
the excited configuration and normalized observables would be not affected. Similarly, the
function caq is invariant w.r.t. shifts of its arguments by integer powers of q, so it can also be
pulled out of the summation over the excited configurations and neglected for the type of
computations we are considering. Therefore, the only term needing our attention is the last
one of the expression above because of the momentum α̂Ξ, which is infinite because of the
finite amount of momentum carried by each of the infinite number of screening charges.
It can be dealt with by considering a simple renormalization-like procedure, namely by
letting Ẑ to act on a charged Fock vacuum |α̂0〉 ≡ |α̂ren. − α̂Ξ〉 capable of absorbing the
infinite amount of momentum, with α̂ren. finite.
2.3 5d and 3d quiver gauge theories
5d N = 1 theories: infinitely-many screening charges
As the notation suggests, the various ∆̂ functions have a direct gauge theory interpreta-
tion. Indeed, they are essentially the 5d (K-theoretic) Nekrasov functions of the various
building blocks defining the quiver gauge theory. The nodes correspond to unitary gauge
groups U(Na) with Yang-Mills couplings encoded by α̂
a
ren., the oriented arrows between
the nodes to bi-fundamental or adjoint matter with mass parameters encoded in µe, the
xaA to Coulomb branch parameters and q, t to the Ω-background equivariant parameters.
This correspondence can be made explicit and precise by recalling the definition of the 5d
Nekrasov function for an arbitrary pair of partitions Y,W (see e.g. [97])
NYW (x) ≡
∏
(i,j)∈Y
(1− xqYi−jtW∨j −i+1)
∏
(i,j)∈W
(1− xq−Wi+j−1t−Y ∨j +i) = (2.29)
=
∏
i=1,...,∞
j=1,...,∞
(txqYi−Wj tj−i; q)∞
(xqYi−Wj tj−i; q)∞
(xtj−i; q)∞
(txtj−i; q)∞
, (2.30)
where Yi denotes the number of boxes in the i
th row of Y and Y ∨ denotes the transpose
diagram. However, notice that for fixed (a,A) the configuration of integers {kaA} that we
have considered so far does not generically correspond to a partition. In fact, no ordering
kaAi ≤ kaA,i+1 nor positivity was assumed. However, it turns out that the normal ordering
function of the nodes vanishes identically if the configuration {kaA} is not a partition. Due
to this observation, the sum over {ka} in the operator (3.39) is effectively a sum over
colored partitions, and the state
|Ẑ〉 ≡ Ẑ|α̂0〉 (2.31)
corresponds to the (unnormalized) time-extended instanton partition function of the quiver
gauge theory. The time-extension refers to the fact that, as long as we do not project this
state with a dual state, |Ẑ〉 still depends on the negative oscillators which can be identified
with additional (higher-time) parameters [98, 99] using the representation
sa−n
qn/2 − q−n/2 ' τ
a
n ,
nyan
tn/2 − t−n/2 ' ∂τan , n > 0 . (2.32)
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In matrix model terminology, these parametrize the shape of the potential. Upon setting
τan = 0 or (equivalently) projecting with a dual Fock state, we get the 5d instanton partition
function of the theory in the usual form. For instance, for the simplest Ξ = AM quiver we
have the (normalized) result
〈α̂∞|Ẑ〉
〈α̂∞|
∏M
a=1
∏≺
z∈χa∅ z S
a(z)|α̂0〉
=
∑
{ka}
∏M
a=1 Λ˚
∑Na
A=1 |kaA|
a∏
a=1,...,M
1≤A,B≤Na
NkaAk
a
B
(xaA/xaB)
×
×
∏
a=1,...,M−1
1≤A≤Na
1≤B≤Na+1
NkaAk
a+1
B
(pµa,a+1xaA/xa+1,B) ≡ ZC2×S1inst. [AM ] , (2.33)
where we have denoted the bi-fundamental fugacities by µa,a+1 ≡ µe:a+1→a and the in-
stanton counting parameters by Λ˚a ≡ q
√
βα̂aren. , while α̂∞ is chosen to guarantee charge
conservation. Note that the coupling to (anti-)fundamental matter, which can be associ-
ated to the presence of additional arrows with either no target or source, was not considered
so far. It can be included by giving a background to the time variables of the form
τan → τan −
∑
f
µnaf
n(1− qn)(1− t−n) , (2.34)
with µaf encoding the fundamental mass parameters, or (more generally) by the insertion
of additional vertex operators
Va(µ) ≡ : eva(µ) : , va(µ) ≡
∑
n 6=0
yan µ
−n
a
(qn/2 − q−n/2)(t−n/2 − tn/2) , (2.35)
whose effect is inserting the appropriate N∅kaA(xaA/µ) or NkaA∅(µ¯/xaA) factors in the in-
stanton partition function computed above.
3d N = 2 theories.
In case we would like to use the more conventional definition (2.14) of the screening charges,
the analogous of the Ẑ operator is
Z ≡
∮ |Ξ◦|∏
a=1
ra∏
i=1
dxai
2piixai
xai S
a(xai) , (2.36)
where we have considered a finite number ra of insertions for each type. Then we can write
|Ξ◦|∏
a=1
ra∏
i=1
xai S
a(xai) = :
|Ξ◦|∏
a=1
ra∏
i=1
Sa(xai) :
∏
a
caq(xa)×
×
∏
a
ra∏
i=1
x
√
βαaΞ
ai
∏
a
Υaad.(xa)
∏
a<b
Υabbif.(xa/xb) , (2.37)
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where we have defined the functions
Υaad.(xa) ≡
∏
1≤i 6=j≤ra
(xai/xaj ; q)∞
(txai/xaj ; q)∞
∏
e:a→a
(tµexai/xaj ; q)∞
(µexai/xaj ; q)∞
,
Υabbif.(xa/xb) ≡
∏
i=1,...,ra
j=1,...,rb
∏
e:a→b
(tµexbj/xai; q)∞
(µexbj/xai; q)∞
∏
e:b→a
(tpµ−1e xbj/xai; q)∞
(µ−1e pxbj/xai; q)∞
,
caq(xa) ≡
∏
i<j
(
xai
xaj
)β
2
C
[0]
aa Θ(txai/xaj ; q)
Θ(xai/xaj ; q)
∏
e:a→a
Θ(µexai/xaj ; q)
Θ(tµexai/xaj ; q)
, (2.38)
and the momentum
αaΞ ≡
√
β
∑
b
C˚
[0]
ab rb −
C˚
[0]
aa
2
√
β +
1√
β
. (2.39)
As the names suggest, these pieces can immediately be recognized as the 1-loop deter-
minants of various 3d N = 2∗ multiplets on Cq × S1 as computed by supersymmetric
localization (see e.g. [100]).10 The associated gauge theory has unitary gauge groups U(ra)
corresponding to the nodes, gauge holonomies in the Cartan torus parametrized by the
insertion points xai, bi-fundamental (or adjoint) hypers with fugacities µe corresponding
to the oriented arrows between the nodes and FI parameters encoded by the total momen-
tum. The parameter q is identified with the disk equivariant parameter while t with the
fugacity of the adjoint chiral. Therefore, using the representation (2.32), the state
|Z〉 ≡ Z|α0〉 (2.40)
can be identified with the time-extended partition function of the quiver gauge theory [101].
Upon setting the time variables to zero or (equivalently) projecting with a dual Fock state,
we get the 3d holomorphic block in the (almost11) canonical form [102], namely
ZC×S
1
[Ξ] ∝ 〈α∞|Z〉 , (2.41)
〈α∞|Z〉 =
∮ ∏
a
ra∏
i=1
dxai
2piixai
∏
a
caq(xa)
∏
a
ra∏
i=1
xζ
a
ai
∏
a
Υaad.(xa)
∏
a<b
Υabbif.(xa/xb) , (2.42)
where we have identified the FI parameters ζa ≡ αa0 +
√
βαaΞ and α∞ guarantees charge
conservation. Note that the information about the base points or Coulomb parameters of
the previous subsection is apparently lost, simply because the definition of the screening
charges does not involve them in the first place. However, in this case an integration contour
needs to be specified. From the gauge theory perspective, this can be done more easily
when the theory admits a discrete series of massive Higgs vacua, such as when coupling
10Even though we occasionally use the N = 4 language, the localization results hold more generally for
N = 2 preserving couplings. Hence, an hyper should be really though of as a pair of chirals in opposite
gauge representations etc.. In particular, the mass parameters may be all independent.
11This refers to the presence of the caq (xa) functions, see the Remark below.
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to (anti-)fundamental matter. Such coupling can be implemented by shifting the time
variables according to
τan → τan +
Naf∑
f=1
µnaf − µ¯naf
n(1− qn) , (2.43)
or by the insertion of additional vertex operators
Ha(µ|µ¯) ≡ : Va(q1/2/µ)Va(q1/2/µ¯)−1 : , (2.44)
with the effect of including factors of
Υaf (xa) ≡
ra∏
i=1
∏
f
(µ¯afxai; q)∞
(µafxai; q)∞
(2.45)
under the integral. The contour integral is then defined by a particular distribution of
the integration variables xai around distinct poles, namely by a partition of ra into N
a
f
parts of raf each. These additional parameters (a.k.a. the filling fractions) are known
to be related to the Coulomb branch parameters [39, 40]. This can be explicitly checked
in selected examples (e.g. SQCD) when Higgsing a parent 5d theory yields an effective
3d description, in which case it is easy to show the collapsing of the instanton partition
function to its vortex counterpart [103–105] (i.e. the non-perturbative contribution to the
holomorphic blocks) upon discrete choices of xaA parametrized by positive integers raf
(in fact, the cut-off on the number of rows of the Young diagrams ka). Alternatively, the
Coulomb branch parameters can also be related to additional multiplets/vertex operators
as in the interpolation formulas found in [96].
Remark. The function caq can presumably be thought of as the contribution of boundary
degrees of freedom on the torus ∂(C × S1) ' T2 [106–108]. The precise identification
and the origin of the boundary theory, though interesting in its own right, is beyond
the scope of this paper. In our discussion it does not play a significative role since once
(anti-)fundamentals/vertex operators are included, the holomorphic blocks/correlators are
defined via residues series with the relevant poles differing by integer powers of q. Hence
the contribution of q-constants can ultimately be pulled out of integration and neglected.
2.4 4d and 2d quiver gauge theories
We now turn to looking at the theories of our main interest, namely the simple dimensional
reduction of the quiver gauge theories of the previous subsections. Starting from the 5d
setup, we are led to consider 4d N = 2 quiver gauge theories with unitary gauge groups,12
possibly coupled to (anti-)fundamental matter, in the 4d Ω-background C21,2 . The most
important piece of data is again the very same quiver Ξ, to which we can associated a
deformed Cartan matrix, now conveniently presented in additive notation as
Cab ≡ 2 cosh(+/2)δab −
∑
e:a→b
exp(+/2−me)−
∑
e:b→a
exp(−+/2 +me) , (2.46)
12The trace part can usually be stripped off from the computations by hand if needed, see e.g. [15].
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where we have defined + ≡ 1 + 2. Each node a ∈ Ξ◦ is associated to a U(Na) gauge
group and each oriented arrow Ξ→ 3 e : a → b to a bi-fundamental (or adjoint if a = b)
hyper with mass me. For the time being, this matrix is just going to be a compact gadget
to encode the relevant gauge theory data.
The basic building block for writing down the instanton partition function of the quiver
gauge theory is the 4d (cohomological) Nekrasov function (see e.g. [6, 109])
nYW (X) ≡
∏
(i,j)∈Y
(X + 1(Yi − j)− 2(W∨j − i+ 1))×
×
∏
(i,j)∈W
(X + 1(−Wi + j − 1)− 2(−Y ∨j + i)) = (2.47)
=
∏
i=1,...,∞
j=1,...,∞
Γ1(X + 1(Yi −Wj)− 2(j − i)|1)
Γ1(−2 +X + 1(Yi −Wj)− 2(j − i)|1)
Γ1(−2 +X − 2(j − i)|1)
Γ1(X − 2(j − i)|1) ,
(2.48)
where the Γ1 function is simply related to the Euler Gamma function by (appendix A)
Γ1(X|1) ≡ e
(X/1−1/2) ln 1
√
2pi
Γ(X/1) . (2.49)
For instance, the instanton partition function of the linear Ξ = AM quiver reads
ZC
2
inst.[AM ] ≡
∑
{ka}
∏M
a=1 Λ
∑Na
A=1 |kaA|
a∏
a=1,...,M
1≤A,B≤Na
nkaAk
a
B
(XaA −XaB)×
×
∏
a=1,...,M−1
1≤A≤Na
1≤B≤Na+1
nkaAk
a+1
B
(+ +ma,a+1 +Xa+1,B −XaA) , (2.50)
where XaA are the Coulomb branch parameters, ma,a+1 ≡ me:a+1→a the bi-fundamental
masses and Λa the instanton counting parameters. (Anti-)fundamental matter, which can
be associated to arrows with either no source or target, can be easily coupled to the nodes
by considering the appropriate n∅kaA(−XaA +mf ) or nkaA∅(XaA − m¯f ) insertions.
Similarly, we can also consider codimension 2 theories supported on C1 and associated
to the very same quiver Ξ. In 2d N = (2, 2) language, we associate each node a ∈ Ξ◦
to a U(ra) vector multiplet coupled to an adjoint chiral of mass −2, and to each arrow
Ξ→ 3 e : a → b between the nodes we associate a pair of bi-fundamental chirals of mass
me. The disk partition function can be computed by localization [110, 111] and it reads
ZC[Ξ] ≡
∮ ∏
a
ra∏
i=1
dσai
2pii
∏
a
ra∏
i=1
eξ
aσai
∏
a
γaad.(σa)
∏
a<b
γabbif.(σa − σb)
∏
a
γaf (σa) , (2.51)
where σa denotes the constant value of the vector multiplet scalar in the Cartan subal-
gebra of the gauge group, ξ the FI parameters while the γ functions represent the 1-loop
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determinants of the various multiplets. In particular, the vector and adjoint contribution
associated to each node is
γaad.(σa) ≡
∏
1≤i 6=j≤ra
Γ1(−2 + σai − σaj |1)
Γ1(σai − σaj |1)
∏
e:a→a
Γ1(me + σai − σaj |1)
Γ1(m¯e + σai − σaj |1) , (2.52)
the total contribution of the pairs of bi-fundamental chirals between two nodes is
γabbif.(σa − σb) ≡
∏
i=1,...,ra
j=1,...,rb
∏
e:a→b
Γ1(σbj − σai −me|1)
Γ1(σbj − σai − m¯e|1)
∏
e:b→a
Γ1(σai − σbj +me|1)
Γ1(σai − σbj + m¯e|1) , (2.53)
while the possible contribution from pairs of fundamental/anti-fundamental chirals of (com-
plexified) mass mf/m¯f associated to the arrows with either no source or target has been
denoted by
γaf (σa) ≡
ra∏
i=1
∏
f
Γ1(σai +maf |1)
Γ1(σai + m¯af |1) . (2.54)
2.5 The 5d/3d → 4d/2d ~-limit
The partition functions of the 4d and 2d quiver gauge theories can also be obtained from
their 5d and 3d counterparts described in subsection 2.3 through a limiting procedure
shrinking the size of the compactification circle. In fact, since all the 5d/3d variables
(either gauge of global fugacities) can be interpreted as (complexified) holonomies along
the circle, we can take the 4d/2d limit we are interested in by setting the 5d/3d fugacities
to be exponentials of the would-be 4d/2d variables multiplied by the S1 radius ~ > 0 and
letting the latter go to zero, schematically
(· · · )5d/3d ≡ e−~(··· )4d/2d . (2.55)
In particular, we recall the identification
q ≡ e−~1 , t ≡ e~2 , (2.56)
with Re(~1) > 0 for |q| < 1. In practice, the functional property we should use is
(qY ; q)∞
(qX ; q)∞
(1− q)Y−X ≡ Γq(X)
Γq(Y )
q→1−−−→ Γ(X)
Γ(Y )
. (2.57)
The 4d Nekrasov function (2.47) can be obtained from the 5d version (2.29) by applying
this limit. Similarly, this limiting procedure converts the 3d block integral (2.41) to its 2d
version (2.51), without modifying the pole structure and contour prescription.13 Also, note
that in 5d the instanton charge corresponds to a conserved current, hence the instanton
counting parameter can be associated to its fugacity, namely
Λ˚ ≡ e−~/g25d , (2.58)
13Note that the limit applied to unnormalized partition functions is generally ill-defined due to overall
scaling factors of the type (1− q).... In the limit, we simply ignore such terms.
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where g25d denotes the dimensionful 5d Yang-Mills coupling. When taking the limit ~→ 0,
it is natural to identify g25d ≡ ~g24d, hence resulting in a week coupling limit.14 Correspond-
ingly, the 5d instanton expansion turns into the analogous 4d instanton expansion with
fixed instanton counting parameter. A similar reasoning applies between the 3d FI ζ (the
mass for the topological symmetry) and the 2d FI ξ.
As we have reviewed in the first part of this section, instanton/vortex partition functions
of the 5d/3d quiver gauge theories have a natural dual description in terms of Wq,t−1(Ξ)
correlators. The main goal of this work is to follow the 4d/2d limit we have just described
in the dual Wq,t−1(Ξ) algebra side, and we will simply refer to it as the 4d gauge theory
limit or ~-limit for short. We do that in the next section, which contains the main results
of the paper.
3 Quiver W1,2 algebras
In this section, we construct an algebra associated to the quiver Ξ which we call W1,2(Ξ).
These type of algebras are naturally associated to 4d N = 2 quiver gauge theories described
in the previous section. In fact, our approach is parallel to KP construction of the Wq,t−1(Ξ)
algebras associated to 5d N = 1 theories. For the sake of clarity, we start by giving an
axiomatic definition through a free boson construction, explaining how the W1,2(Ξ) can
be thought of as the additive version (in spectral parameters) of Wq,t−1(Ξ). Afterwards,
we follow a constructive approach, showing how the former can be obtained through a
consistent application of the ~-limit to the latter. Let us emphasize that this limit is
not the usual CFT-limit which recovers, for instance, the standard WN algebra from its
deformation Wq,t−1(AN ). In fact, the CFT-limit rescales only the deformation parameters
(q, t, µe) appearing in the deformed Cartan matrix (2.1) while keeping fixed the spectral
parameters of the generating and screening currents. For instance, in the case of the q-
Virasoro algebra discussed around (2.10), the CFT-limit applied to the generating current
yields
T(z) = 2 + β
(
z2L(z)− c− 1
24
)
~2 + . . . , (3.1)
where L(z) is the Virasoro current with central charge c = 1− 6(√β − 1/√β)2. The effect
of this limit on 2-point functions of vertex operators and screening currents is
(x; q)∞
(qαx; q)∞
q→1−−−→ (1− x)α , (3.2)
leading to the familiar Dotsenko-Fateev representation of conformal blocks in terms of
Euler-Selberg type integrals. Here, we are instead interested in rescaling the spectral
parameters as well: as recalled at the end of the previous subsection, this is the (weak
14Note that in 5d a Chern-Simons level can also be turned on in principle. However, for the purposes
of this paper which is mostly focused on 4d, we do not consider such possibility (in the context of
BPS/CFT correspondence, this more general case in discussed in [63, 65]. Also, in the ADHM matrix
model description of 5d instanton partition functions, the Chern-Simons level disappears in the 4d limit.
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coupling) limit which preserves the quiver structure of gauge theories upon dimensional
reduction. As a result, we obtain a new type of -deformed algebra whose Dotsenko-Fateev
conformal blocks are expressed in terms of Mellin-Barnes type integrals. In particular cases,
we can show that the latter are exactly the same as ordinary CFT conformal blocks upon
suitable identifications dictated by spectral duality. Finally, as a further application, we
investigate dual Jack functions, which can be characterized as the eigenfunctions of the ra-
tional Ruijsenaars-Schneider model dual to the trigonometric Calogero-Sutherland model.
These functions arise as the ~-limit of Macdonald functions and may be associated to some
notion of singular vectors of the W1,2(AN ) algebra in the same way as Macdonald/Jack
polynomials are for Wq,t−1(AN )/WN .
3.1 Warming up: -Virasoro
In order to acquire familiarity with the formalism, let us start by reviewing the definition
and the free boson realization of the simplest W1,2(Ξ) algebra, namely the -Virasoro alge-
bra associated to Ξ = A1. It first appeared in [112], and we closely follow that presentation.
Abstractly, it can be defined through the quadratic relation satisfied by its current
f(W − Z)T(Z)T(W )− f(Z −W )T(W )T(Z) =
= 2pii
12
+
(
δ(+ +W − Z)− δ(−+ +W − Z)
)
, (3.3)
where we have defined the structure function
f(X) ≡ Γ1(−X|2+)Γ1(+ + 2 −X|2+)Γ1(+ + 1 −X|2+)
Γ1(2+ −X|2+)Γ1(2 −X|2+)Γ1(1 −X|2+) , (3.4)
and on the r.h.s. we find the ordinary (additive) Dirac δ function. We are now able to
explain in which sense this algebra can be thought of as the additivization of the q-Virasoro
algebra: taking its deformation parameters to be (β ≡ −2/1)
q ≡ e−~1 , t ≡ e~2 , p ≡ e−~+ , + ≡ 1 + 2 , µe ≡ e−~me , (3.5)
and rescaling all the spectral parameters according to
x ≡ e~X , w ≡ e~W , z ≡ e~Z , (3.6)
the direct application of the ~→ 0 limit to (2.11) yields the quadratic relation (3.3) since
f˚(x) → f(X) thanks to the property (A.15). We see that, after the limit, the spectral
parameters naturally enter in additive form.
In order to give a concrete realization of the algebra, one needs to specify a representation
for the functions involved in the defining relation, in particular we take the following
representation of the δ function
δ(X) = − 1
2pii
(
1
X + i0
+
1
−X + i0
)
. (3.7)
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We assume that the algebra is generated by a current (which we continue to call qq-
character)
T(X) ≡ Y(+/2 +X) + Y(−+/2 +X)−1 , (3.8)
for which we would like to find a free boson representation. In order to do that, it is
instrumental to find the bosonization of the screening current first, which we take to be a
free boson operator S(X) satisfying
[T(Z),S(X)] =
d1
d1X
(δ(X − Z) · · · ) , (3.9)
where we have introduced the finite -derivative
d
dX
f(X) =
f(X + /2)− f(X − /2)

. (3.10)
At this point, it is clear what should be its characterization in terms of the 2-point function:
we must have (up to constant proportionality factors)
S(X)S(Y ) = : S(X)S(Y ) : ×Γ1(X − Y − 2|1)Γ1(X − Y + 1|1)
Γ1(X − Y |1)Γ1(X − Y + +|1) e
−γ12 , (3.11)
which readily follows from the application of the ~-limit to the 2-point function (2.21) of
the q-Virasoro algebra. For reasons that will be clarified momentarily, it is very convenient
to work in a continuous basis (see [81] for an alternative realization):15 this fundamental
relation (which is all we need for computations) can be bosonized by introducing a Heisen-
berg algebra generated by oscillators s(k) labeled by a continuous real (for the moment)
parameter k ∈ R\{0} and satisfying the commutation relation
[s(k), s(k′)] = −4
k
sinh(1k/2) sinh(2k/2)δ(k + k
′)C(k) , (3.12)
where we have defined the deformed and k-dependent A1 Cartan matrix
C(k) ≡ 2 cosh(+k/2) . (3.13)
The free boson operators we are looking for can now be introduced as
S(X) ≡ : es(X) : , s(X) ≡ −
∫
dk
s(k) e−kX
2 sinh(1k/2)
, (3.14)
Y(X) ≡ : ey(X) : , y(X) ≡ −
∫
dk y(k) e−kX , (3.15)
where we set s(k) ≡ C(k)y(k) and kept the definition of the normal ordering formally
unchanged, namely the integration over the positive domain is pushed to the right of the
integration over the negative domain. However, the dashed integral notation reminds us
that we should somehow specify what happens around origin: the choice of the continuous
15This approach seems to directly connect to a double quantization of the profile approach of [6].
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basis requires some regularization to deal with the generally bad behavior of integrals of
C-valued functions of the form ∫ ∞
0
dk
k
. . . , (3.16)
arising from normal ordering of operator products. Typically, we find a ln(ε) divergence
for this type of integrals, where ε denotes the distance from the origin. In order to resolve
this problem, we follow the prescription of [113, 114] and interpret our integrand as the
jump across a cut in the integrand of a well-defined contour integral: we complexify the
integration variables, introduce ln(−k) under the integral with a cut along the positive real
half-line and replace the integral over the real half-line with a Hankel contour C (fig. 3),
namely
−
∫ ∞
0
dk
k
. . .→
∮
C
dk
2piik
ln(−k) . . . =
∫ ∞
0
dk
k
. . .+
∮
Cε
dk
2piik
ln(−k) . . . . (3.17)
With this normal ordering/regularization prescription, all the integrals we will have to deal
C
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Figure 3. The integration contour describing the normal ordering/regularization prescription.
with are well-defined. In fact, the -Virsoro algebra is simple enough to explicitly show
that the current (3.8) in the representation (3.15) satisfies (3.3), the key property being the
integral representation of the Γ1 function recorded in (A.3). In the following, we define the
W1,2(Ξ) algebras by generalizing this construction and relying on their characterization
through the screening currents.
Remark. The regularization prescription which we have adopted seems to be quite ad-
hoc. However, let us observe that all it does is to remove a divergent constant coming from
integrating on a small region around the origin. Similar divergencies arise also in the large
N analysis of matrix models [115, 116] and are similarly cured. For the time being, we
consider the prescription above as a working hypothesis and postpone further comments
to a later subsection.
– 21 –
3.2 Generalization: arbitrary quivers
The generalization to an arbitrary quiver Ξ starts by considering the very same deformed
Cartan matrix (2.46) associated to the 4d quiver gauge theory, namely
C(k)ab ≡ 2 cosh(+k/2)δab −
∑
e:a→b
exp(+k/2− kme)−
∑
e:b→a
exp(−+k/2 + kme) , (3.18)
where the operation Cab → C(k)ab rescales every parameter by k. In order to give a
defining free boson representation of the W1,2(Ξ) algebra, we introduce root-type bosons
{sa(k), k 6= 0}a∈Ξ◦ satisfying the (continuous) Heisenberg algebra
[sa(k), sb(k′)] = −4
k
sinh(1k/2) sinh(2k/2)δ(k + k
′)C(k)ab . (3.19)
With these ingredients, we define the screening currents
Sa(X) ≡ : esa(X) : , sa(X) ≡ −
∫
dk
sa(k) e−kX
2 sinh(1k/2)
, (3.20)
which can be used to define the generating currents Ta(Z) of the algebra as the commutant
of the screening currents in the Heisenberg algebra up to total differences, namely
W1,2(Ξ) ≡ {Ta(Z)}a∈Ξ◦ such that [Ta(Z),Sb(X)] = δab
d1
d1X
(δ(X−Z) · · · ) . (3.21)
Remark. Due to the manifest 1 ↔ 2 symmetry of the algebra, there is actually a second
screening current obtained by implementing this transformation on the definitions (3.20),
(3.21). In this paper, we do not consider the dual screening current.
Alternatively, we may also introduce the weight-type bosons {ya(k), k 6= 0}a∈Ξ◦ satisfying
the commutation relations
[ya(k), sb(k′)] = −4
k
sinh(1k/2) sinh(2k/2)δ(k + k
′)δab , (3.22)
and define the fundamental vertices
Ya(X) ≡ : eya(X) : , ya(X) ≡ −
∫
dk ya(k) e−kX . (3.23)
Then, the W1,2(Ξ) currents can also be defined as the qq-characters (see [117] for a recent
gauge theory application)
Ta(X) ≡ Ya(+/2 +X) + all iWeyl reflections . (3.24)
For instance, for the single node quiver Ξ = A1 discussed in the previous subsection, one
can explicitly verify (appendix C) that the generating current (3.8) fulfills (3.21) or satisfies
the quadratic relation (3.3). Note that operator products should be understood with a i0
prescription, namely we assume the operators on the left are slightly above the operators
on the right along a chosen direction (real axis).
– 22 –
3.3 ~-limit: from Wq,t−1 to W1,2 algebras
In this section, we show how the quiver W1,2(Ξ) algebras also arise as a particular limit
of the quiver Wq,t−1(Ξ) algebras we have reviewed in section 2. In fact, this is exactly the
~-limit we have already introduced in subsection 2.4 when discussing the gauge theory side
of the story and which has led us to postulate various definitions in previous subsections.
However, we can do better because we can directly implement and follow this limit on the
free boson realization of the parent Wq,t−1(Ξ) algebras. Let us start by considering the
screening currents (3.25), which we recall here for convenience
Sa(x) = : es
a(x) : , sa(x) = −
∑
n6=0
san x
−n
qn/2 − q−n/2 +
√
βsa0 +
√
βs˜a0 lnx . (3.25)
Upon setting x = exp(~X), the non-zero modes of the field sa(x) may formally be thought
of as discrete Laplace modes (or Fourier depending of the reality conditions) with sampling
step ~. In the limit of the step going to zero, one should switch to a continuous transform
while keeping ~n fixed in the limit, namely
~n→ k , ~
∑
n 6=0
→ −
∫
dk ,
1
~
san → sa(k) . (3.26)
Therefore, for the oscillator part of the field sa(x) one has the ~→ 0 limit
−
∑
n6=0
san x
−n
qn/2 − q−n/2 → −
∫
dk
sa(k) e−kX
2 sinh(1k/2)
, (3.27)
with the oscillators satisfying the continuous Heisenberg algebra introduced in (3.19), hence
reproducing (3.20). Finally, this limiting procedure applied to the qq-charactes (2.9) yields
the qq-charactes given in (3.24).
Remark. This implementation of the ~-limit seems to be quite natural at least in the
region |n|  1, where ~n can indeed be traded for a continuous label k. On the other
hand, the treatment around the region k = 0 requires some care, such as the regulariza-
tion prescription introduced in (3.17). In fact, we can now understand why the normal
ordering functions would be divergent without any regularization. In taking the ~-limit of
well-defined quantities, we usually strip-off simple factors of (1 − q)... ' exp(ln(~1) . . .),
which would otherwise lead to undefined limits. In the operatorial picture, the ~-limit
is implemented by switching to a continuous boson, and then much of the problems are
caused by the almost-zero modes around |k| = 0, for which we need to impose a cutoff at
|k| = ε→ 0. The divergence then goes like exp(ln ε), and we get a match upon identifying
ε ∼ ~, which is indeed the minimal scale in the identifications (3.26). It is tempting to try
to treat more properly such divergent terms within the operatorial formalism too, perhaps
considering an additional free boson localized around k = 0, but we do not pursue this
possibility here.
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3.4 Zero modes
In the implementation of the ~-limit within the operatorial formalism, we have not discussed
what happens to the zero mode operators in (3.25). In fact, there are some sensible choices
we can make without spoiling the commutation relations (3.21). If we want to preserve the
commutator [s˜a0, s
b
0] = C˚
[0]
ab = C(0)ab, we can either scale
1
~
sa0 → sa0 , ~s˜a0 → s˜a0 , (3.28)
or viceversa. The first choice seems more natural and adds the following modes to the
various fields
sa(X)→ sa(X) +
√
βs˜a0X , y
a(X)→ ya(X)− i√12y˜a0 . (3.29)
For the second choice, only
√
βsa0/~ would appear in the screening currents, hence resulting
in a divergent result (which may be reabsorbed into the divergencies we have already
mentioned). Actually, there is a third option consisting in not rescaling the zero modes
at all: in this case, only
√
βsa0 would appear in the screening currents. Moreover, we can
always multiply the screening currents by an operator-valued periodic function of period
1, which does not spoil the defining property (3.21) provided that the function commutes
with the W1,2(Ξ) currents. The minimal choice can be made by going back to (3.25) and
replacing √
βs˜a0 lnx→ ln
Θ(qλxq−
√
βs˜a0 ; q)
Θ(qλx; q)
, (3.30)
for some auxiliary λ. This can be done because it amounts to multiplying the screening
currents by a q-constant depending on s˜a0 only, which commutes with T
a(x). Then, without
rescaling the zero modes, in the ~-limit we would get√
βsa0 + ln
Θ(qλxq−
√
βs˜a0 ; q)
Θ(qλx; q)
→
√
βsa0 + ln
sin pi1 (1λ−X − 1
√
βs˜a0)
sin pi1 (1λ−X)
. (3.31)
A suitable combination of the choices above may also work, but for our purposes we consider
only the first, simplest possibility.
3.5 Correlation functions: instantons and vortices
We can now move to compute the main objects of our interests, namely correlators of free
boson vertex operators and integrated screening currents. In order to begin with, let us
compute the basic building block, namely the 2-point function of the screening currents
Sa(Xi)S
b(Xj) = : S
a(Xi)S
b(Xj) : × exp
[ ∮
C
dk
2piik
ln(−k)e
−(Xi−Xj)k sinh(2k/2)
sinh(1k/2)
C(k)ab
]
=
= : Sa(Xi)S
b(Xj) : ×
[
Γ1(Xij − 2|1)Γ1(Xij + 1|1)
Γ1(Xij |1)Γ1(Xij + +|1) e
2γβ
]δab
×
×
∏
e:a→b
Γ1(Xij +me|1)
Γ1(Xij +me − 2|1) e
−γβ ∏
e:b→a
Γ1(Xij −me + +|1)
Γ1(Xij −me + 1|1) e
−γβ ,
(3.32)
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where we have set Xij ≡ Xi −Xj and used the integral representation (A.3). We can now
generalize to the entire quiver with an arbitrary number ra of insertions for each type,
namely
|Ξ◦|∏
a=1
ra∏
i=1
Sa(Xai ) = :
|Ξ◦|∏
a=1
ra∏
i=1
Sa(Xai ) :
∏
a
ca1(X
a)×
∏
a
∆anodes(X
a)
∏
a<b
∆abarrows(X
a−Xb) ,
(3.33)
where we have defined the functions
∆anodes(X
a) ≡
∏
1≤i 6=j≤ra
Γ1(−2 +Xaij |1)
Γ1(Xaij |1)
∏
e:a→a
Γ1(me +X
a
ij |1)
Γ1(−2 +me +Xaij |1)
,
∆abarrows(X
a −Xb) ≡ eβγC(0)abrarb
∏
i=1,...,ra
j=1,...,rb
∏
e:a→b
Γ1(X
a
i −Xbj +me|1)
Γ1(Xai −Xbj +me − 2|1)
×
×
∏
e:b→a
Γ1(X
a
i −Xbj −me + +|1)
Γ1(Xai −Xbj −me + 1|1)
,
ca1(X
a) ≡ eβγC(0)aa ra(ra−1)2
∏
i<j
S1(−2 +Xaji|1)
S1(Xaji|1)
∏
e:a→a
S1(me +X
a
ji|1)
S1(−2 +me +Xaji|1)
.
(3.34)
Note that the last function is the ~-limit of a q-costant, namely a periodic function under
shifts X → X ± 1, and therefore we can neglect it for most of our purposes.16
Finally, the operators above are taken to act on the Fock space built on a (charged) Fock
vacuum |α〉 and its dual 〈α|, which are characterized by
sa(k > 0)|α〉 = 0 , s˜a0|α〉 = αa|α〉 , |α〉 ≡ e
∑
a α
aya0 |0〉 ,
〈α|sa(−k) = 0 , 〈α|s˜a0 = αa〈α| , 〈α| ≡ 〈α|e−
∑
a α
aya0 , (3.35)
where we assume 〈0|0〉 = 1. As in the q-deformed case, the Fock charges will parametrize
the instanton/vortex counting parameters of the gauge theories. Note that this is radically
different w.r.t. the AGT perspective, where coupling constants are identified with insertion
points of vertex operators.
In the following, we are going to show how to use these basic building blocks to construct
4d instanton and 2d vortex partition functions of gauge theories which in subsection 2.4
we have associated to the very same quiver Ξ. In fact, the construction is going to be
essentially unchanged w.r.t. KP construction which we have reviewed in subsections 2.2,
2.3, with the major difference that we should switch to an additive notation adapted to
the new operators. Therefore, we will be quite brief.
16We recall that, because of the screening property (3.21), the insertion of 1-periodic functions cannot be
uniquely fixed by algebraic considerations alone.
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4d N = 2 theories: infinitely-many screening charges.
Following our discussion in subsection 2.2, we are mainly interested in defining the Z state
for the W1,2(Ξ) algebra. In view of the screening relation (3.21), we consider screening
charges defined through an additive version of Jackson integrals, namely
QaZ ≡
∫
Z
dX1 S
a(X) ≡
∑
k∈Z
Sa(Z − k1) . (3.36)
The set of points χ∅ ≡ ∪a∈Ξ◦χa∅ describing the ground configuration is chosen to be
χa∅ ≡ {Z∅aAi ≡ XaA + 2(1− i)|A = 1, ..., Na , i = 1, ...,∞} , (3.37)
where a runs over the nodes of the quiver and Na denotes the rank of the node. We
similarly define the set χ ≡ ∪a∈Ξ◦χa in which each base point is arbitrarily shifted by 1
according to a sequence of integers kaAi ∈ Z (excited configurations), namely
χa ≡ {ZkaAi ≡ Z∅aAi − k
a
Ai1 |A = 1, ..., Na , i = 1, ...,∞} . (3.38)
We next define the operator
Ẑ ≡
≺∏
Z∈χ∅
Q
i(Z)
Z =
∑
{ka}
|Ξ◦|∏
a=1
≺∏
Z∈χa
Sa(Z) , (3.39)
where the ordering is inherited by the one in exponentiated variables. As we know, the
sum over integer sequences can actually be recast as a sum over partitions, and one of our
main results is that the state
|Ẑ〉 ≡ Ẑ|α̂0〉 (3.40)
corresponds to the (unnormalized) time-extended instanton partition function of the quiver
gauge theory. For instance, by applying the representation (2.47) and the 2-point function
(3.32) to the simplest Ξ = AM linear quiver, we have that the projected state 〈α̂∞|Ẑ〉
matches (2.50) once normalized, with the instanton counting parameters identified with
the Fock momenta Λa ≡ exp(−
√
β1α̂
a
0) and Coulomb branch parameters identified with
the variables XaA parametrizing the strings of base points. Coupling to (anti-)fundamental
matter, associated to the presence of additional arrows with either no target or source, can
be included by giving a background to the negative oscillators/time variables of the form
− s
a(−k)
2 sinh(1k/2)
' τa(k)→ τa(k)−
∑
f
e−km
a
f
4k sinh(1k/2) sinh(2k/2)
, k > 0 , (3.41)
with mf encoding the fundamental mass parameters, or (more generally) by the insertion
of additional vertex operators
Va(m) ≡ : eva(m) : , va(µ) ≡
∑
n6=0
ya(k) e−mak
4 sinh(1k/2) sinh(2k/2)
, (3.42)
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whose effect is inserting the appropriate n∅kaA(−XaA +m) or nkaA∅(XaA− m¯) factors in the
instanton partition function. It would be interesting to relate the Ward identities resulting
from our construction to the recursion relations of [118].
Remark. As we have already recalled when discussing the 5d setup, from the perspective
of the 4d N = 2 quiver gauge theory the time-extension of the partition function refers to
the possibility of perturbing the prepotential F in the UV by holomorphic gauge invariant
polynomials (higher Casimirs) of the vector multiplet scalar Φ, that is
F → F +
∑
a
∑
j>0
τaj tr Φ
j
a . (3.43)
In our formalism, these terms must be encoded by the surviving negative oscillators in the
Z state acting on the Fock vacuum, namely
−
∫
>0
dk
sa(−k) ekX
2 sinh(1k/2)
'
∫
>0
dk τa(k) ekX . (3.44)
Besides being continuous, this exponential parametrization is more natural for the 5d
theory on a circle rather than for its 4d limit (see however footnote 15). We are thus led
expand the exponential and define discrete time variables through a Mellin-like transform
τaj ≡
1
j!
∫
>0
dk kj τa(k) . (3.45)
In fact, one can try to introduce a discrete basis directly at the level of the Heisenberg
algebra, for instance sa(X) '∑j≥0(aaj+ + (−1)jaaj−)Xj/j! with
aaj+ ' (−1)j
∫
>0
dk kj
sa(k)
2 sinh(1k/2)
, aaj− ' −
∫
>0
dk kj
sa(−k)
2 sinh(1k/2)
. (3.46)
We elaborate more on this possible correspondence in appendix B. This type of transform
may be the bridge to establish a direct connection to earlier works investigating quantum
(affine Yangian) algebras and 4d N = 2 theories [7–9, 69], but we do not develop this
topic here. However, the commutation relations in this basis are more involved, hence
this representation is less appealing as far as actual computations are concerned: this is
the price one would have to pay to work with a more standard algebraic setup based on
discrete oscillators and rational rather than trigonometric series. This tension (simple vs.
standard) is at the origin of the more sophisticated tools needed to approach 4d theories
through W1,2 algebras compared to the 5d or q-deformed counterparts.
2d N = (2, 2) theories: finitely-many screening charges.
In this case it is also useful to explicitly introduce the type of vertex operators we are
interested in, namely
Ha(m|m¯) ≡ : Va(m− 1/2)Va(m¯− 1/2)−1 : , (3.47)
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whose 2-point function with the screening current reads
Ha(Y |Y¯ )Sb(X) = : Ha(Y |Y¯ )Sb(X) :
[
Γ1(Y −X|1)
Γ1(Y¯ −X|1)
]δab
. (3.48)
With these ingredients, we can give a dual algebraic interpretation of the disk partition
function of the quiver gauge theories, the main object being the state
Z ≡
∏
a
(∮
dXSa(X)
)ra
, (3.49)
involving only a finite number ra of screening currents for each node of the quiver. As
the simplest example, let us consider the single node quiver Ξ = A1 associated to the
-Virasoro algebra, for which we take the correlation function involving N vertex operators
and a single integrated screening current
〈α∞|
N∏
j=1
H(Yj |Y¯j)
∮
dX S(X)|α0〉 '
∮
dX e
√
βα0X
N∏
j=1
Γ1(Yj −X|1)
Γ1(Y¯j −X|1) , (3.50)
where we neglected a proportionality factor. This expression can immediately be matched
with the Coulomb branch expression of the disk partition function of the 2d N = (2, 2)
SQED given in subsection 2.4. If we consider the contour to take the contribution from
the poles at X = Yi + n1, n ∈ Z≥0, this correlation function can be written in terms of
the hypergeometric series, namely17
〈α∞|
N∏
j=1
H(Yj |Y¯j)
∮
Ci
dX S(X)|α0〉 '
' zYi/1
N∏
j=1
Γ1(Yj − Yi|1)
Γ1(Y¯j − Yi|1) NFN−1
[
Yi − Y¯i + 1, Yi − Y¯j + 1
1, Yi − Yj + 1 |z
]
, (3.51)
where z ≡ exp(√βα01). In particular, the hypergeometric series capture the non-perturbative
vortex contribution to the partition function.
4 WN/W1,2(AM−1) spectral duality
In this section, we provide some more explicit comparisons with various types of conformal
blocks (in free field formalism or not) which can be computed in 2d CFT with ordinary
WN symmetry. Since our algebras are supposed to compute the same objects, this is a test
of the proposed spectral duality between the two descriptions. We initiate with degenerate
Toda conformal blocks featuring in the AGT correspondence18 and then analyze spectral
duality of known integrable systems and relate it to our constructions.
17We denote 2F1[a, b; , c|z] = 2F1[a/, b/; c/|z]. Also, if f(x) has a pole at x = x0, f(x0) is its residue.
18The strong form of the correspondence involves Liouville/Toda correlators and compact space partition
functions [83, 119–121]. In order to adapt our setup to such observables, we should implement the modular
double construction along the lines of [101].
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4.1 Toda conformal blocks
The examples we have discussed in the previous subsection allow us to make an interesting
comparison with ordinary WN correlators involving degenerate insertions and the AGT
relation. This restriction is required for having a Lagrangian description of the dual gauge
theories, which is not generically the case for class S-theories. For instance, according to
the AGT correspondence, the 4-point sphere conformal blocks
〈Vα4(∞)Vα3=λhN−1(1)Vα2=κh1(z)Vα1(0)〉 (4.1)
in AN−1 Toda with two generic primaries (full punctures) and two semi-degenerates19
(simple punctures) is captured by the 4d N = 2 SU(N) SQCD partition function [16],
which we have also constructed in terms of -Virasoro free boson correlators with N + 2
insertions. Moreover, a 4d gauge theory can be enriched with BPS surface operators, the
simplest case being a coupled 4d/2d system whose non-trivial dynamics can be described by
the 2dN = (2, 2) SQED on the defect (coupled to a free bulk). In the Toda description, this
occurs when one of the semi-degenerate is tuned to be fully degenerate [83, 122–124]. It is
known that in presence of fully-degenerate insertions, the conformal blocks obey additional
constraints/decoupling equations [125, 126] which allow them to be expressed in terms of
hypergeometric functions (up to conformal factors), namely20
〈Vα4(∞)Vα3=λhN−1(1)Vα2=−bh1(z)Vα1(0)〉 = z...(1− z)...×
× zb(α1−QN ,hs) NFN−1
[
(α4 −QN , hk) + λN − b
N−1
N
+ (α1 −QN , hs)|1≤k≤N
b−1, b−1 + (α1 −QN , hs)− (α1 −QN , hk)|1≤k 6=s≤N |z
]
, (4.2)
for each choice of s-channel internal momentum labeled by 1 ≤ s ≤ N . This coincides with
the SQED vortex partition function through the standard AGT dictionary, a result that we
have also reproduced from the dual -Virasoro perspective involving N+2 free boson vertex
operators. The map between parameters on dual sides is straightforward, perhaps the most
interesting phenomenon to observe once again is the exchange between the cross-ratio and
external momentum in the interpretation of the instanton/vortex counting parameter.
The picture above finds a nice and simple description in terms of brane engineering in string
theory (Fig. 4). In order to construct 4d N = 2 SU(N) SQCD, our reference example, we
can start from a type IIA Hanany-Witten setup involving M = 2 NS5 intersecting with
N D4, with overlapping world-volumes along C2 [127]. On the one hand, the dynamical
SU(N) gauge symmetry is supported by the compact parallel segments of the N D4 sus-
pended between the NS5, with their relative positions parametrizing the Coulomb branch
parameters and the distance between the NS5 the gauge coupling. On the other hand,
in our algebraic construction we can think of them as supporting an infinite number of
screening charges of W1,2(AM−1)|M=2 = -Virasoro. Similarly, the 2N semi-infinite D4
give raise to fundamental/anti-fundamental flavors, which in the algebraic side are associ-
ated to N vertex operators whose positions and momenta are encoded into their relative
19The hi denote here fundamental AN−1 weights, while α4,1 are N − 1 vectors of generic momenta.
20In our notation, b2 = −β, and QN ≡ (b+ b−1)ρ, where ρ is the Weyl vector.
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positions w.r.t. the compact D4. This brane setup can be Higgsed by aligning for example
the rightmost non-compact D4 to the internal ones and pulling the NS5 out of the orig-
inal plane while stretching a single D2. This will support the U(1) gauge symmetry of
the resulting 2d N = (2, 2) SQED, while in the algebraic description it can be associated
to the insertion of a single -Virasoro screening charge. The brane picture is also useful
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<latexit sha1_base64="ryK59xSbXPjPS69VZ4wG+u3R1G4="> AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FPXisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg677 7RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZn7nSeujYjVI04T7kd0pEQoGEUrPdzWBuWKW3UXIOvE y0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny0unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5di eO1nQiUpcsWWi8JUEozJ/G0yFJozlFNLKNPC3krYmGrK0IZTsiF4qy+vk3at6rlV775WaVzlcRThDM7hEjyoQwPuoAktYBDCM7zCmzNx Xpx352PZWnDymVP4A+fzBwOSjPQ=</latexit><latexit sha1_base64="ryK59xSbXPjPS69VZ4wG+u3R1G4="> AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FPXisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg677 7RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZn7nSeujYjVI04T7kd0pEQoGEUrPdzWBuWKW3UXIOvE y0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny0unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5di eO1nQiUpcsWWi8JUEozJ/G0yFJozlFNLKNPC3krYmGrK0IZTsiF4qy+vk3at6rlV775WaVzlcRThDM7hEjyoQwPuoAktYBDCM7zCmzNx Xpx352PZWnDymVP4A+fzBwOSjPQ=</latexit><latexit sha1_base64="ryK59xSbXPjPS69VZ4wG+u3R1G4="> AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FPXisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg677 7RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZn7nSeujYjVI04T7kd0pEQoGEUrPdzWBuWKW3UXIOvE y0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny0unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5di eO1nQiUpcsWWi8JUEozJ/G0yFJozlFNLKNPC3krYmGrK0IZTsiF4qy+vk3at6rlV775WaVzlcRThDM7hEjyoQwPuoAktYBDCM7zCmzNx Xpx352PZWnDymVP4A+fzBwOSjPQ=</latexit><latexit sha1_base64="ryK59xSbXPjPS69VZ4wG+u3R1G4="> AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FPXisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg677 7RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZn7nSeujYjVI04T7kd0pEQoGEUrPdzWBuWKW3UXIOvE y0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny0unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5di eO1nQiUpcsWWi8JUEozJ/G0yFJozlFNLKNPC3krYmGrK0IZTsiF4qy+vk3at6rlV775WaVzlcRThDM7hEjyoQwPuoAktYBDCM7zCmzNx Xpx352PZWnDymVP4A+fzBwOSjPQ=</latexit>
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i
<latexit sha1_base64="U7vGhbtb/DwPYEAeH4wBCtfGkBo=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmkoBuh4KYrqWAf0MQwmUzaoZNJmJkIJQTc+CtuXCji1p9w5984abPQ1gMXDufcy733+AmjUlnWt1FZWV1b36hu1ra2d3b3zP2DnoxTgUkXxywWAx9JwignXUUVI4NEEBT5jPT9yXXh9x+IkDTmd2qaEDdCI05DipHSkmceOYmIAy+jV3Z+fwOdCKmxH2bt3KOeWbca1gxwmdglqYMSHc/8coIYpxHhCjMk5dC2EuVmSCiKGclrTipJgvAEjchQU44iIt1s9kMOT7USwDAWuriCM/X3RIYiKaeRrzuLG+WiV4j/ecNUhZduRnmSKsLxfFGYMqhiWAQCAyoIVmyqCcKC6lshHiOBsNKx1XQI9uLLy6R33rCthn3brLeaZRxVcAxOwBmwwQVogTbogC7A4BE8g1fwZjwZL8a78TFvrRjlzCH4A+PzB7bZl4I=</latexit><latexit sha1_base64="U7vGhbtb/DwPYEAeH4wBCtfGkBo=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmkoBuh4KYrqWAf0MQwmUzaoZNJmJkIJQTc+CtuXCji1p9w5984abPQ1gMXDufcy733+AmjUlnWt1FZWV1b36hu1ra2d3b3zP2DnoxTgUkXxywWAx9JwignXUUVI4NEEBT5jPT9yXXh9x+IkDTmd2qaEDdCI05DipHSkmceOYmIAy+jV3Z+fwOdCKmxH2bt3KOeWbca1gxwmdglqYMSHc/8coIYpxHhCjMk5dC2EuVmSCiKGclrTipJgvAEjchQU44iIt1s9kMOT7USwDAWuriCM/X3RIYiKaeRrzuLG+WiV4j/ecNUhZduRnmSKsLxfFGYMqhiWAQCAyoIVmyqCcKC6lshHiOBsNKx1XQI9uLLy6R33rCthn3brLeaZRxVcAxOwBmwwQVogTbogC7A4BE8g1fwZjwZL8a78TFvrRjlzCH4A+PzB7bZl4I=</latexit><latexit sha1_base64="U7vGhbtb/DwPYEAeH4wBCtfGkBo=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmkoBuh4KYrqWAf0MQwmUzaoZNJmJkIJQTc+CtuXCji1p9w5984abPQ1gMXDufcy733+AmjUlnWt1FZWV1b36hu1ra2d3b3zP2DnoxTgUkXxywWAx9JwignXUUVI4NEEBT5jPT9yXXh9x+IkDTmd2qaEDdCI05DipHSkmceOYmIAy+jV3Z+fwOdCKmxH2bt3KOeWbca1gxwmdglqYMSHc/8coIYpxHhCjMk5dC2EuVmSCiKGclrTipJgvAEjchQU44iIt1s9kMOT7USwDAWuriCM/X3RIYiKaeRrzuLG+WiV4j/ecNUhZduRnmSKsLxfFGYMqhiWAQCAyoIVmyqCcKC6lshHiOBsNKx1XQI9uLLy6R33rCthn3brLeaZRxVcAxOwBmwwQVogTbogC7A4BE8g1fwZjwZL8a78TFvrRjlzCH4A+PzB7bZl4I=</latexit><latexit sha1_base64="U7vGhbtb/DwPYEAeH4wBCtfGkBo=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmkoBuh4KYrqWAf0MQwmUzaoZNJmJkIJQTc+CtuXCji1p9w5984abPQ1gMXDufcy733+AmjUlnWt1FZWV1b36hu1ra2d3b3zP2DnoxTgUkXxywWAx9JwignXUUVI4NEEBT5jPT9yXXh9x+IkDTmd2qaEDdCI05DipHSkmceOYmIAy+jV3Z+fwOdCKmxH2bt3KOeWbca1gxwmdglqYMSHc/8coIYpxHhCjMk5dC2EuVmSCiKGclrTipJgvAEjchQU44iIt1s9kMOT7USwDAWuriCM/X3RIYiKaeRrzuLG+WiV4j/ecNUhZduRnmSKsLxfFGYMqhiWAQCAyoIVmyqCcKC6lshHiOBsNKx1XQI9uLLy6R33rCthn3brLeaZRxVcAxOwBmwwQVogTbogC7A4BE8g1fwZjwZL8a78TFvrRjlzCH4A+PzB7bZl4I=</latexit>
N
<latexit sha1_base64="78j4Qc/sjLVLmF9nYIlJh++3v38="> AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHd b6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2VmveDcsWtuguQdeLl pAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS014 42dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zVqlXsvjKMIZnMMleHANdbiDBrSAAcIzvMKb8+i8 OO/Ox7K14OQzp/AHzucPoluMxA==</latexit><latexit sha1_base64="78j4Qc/sjLVLmF9nYIlJh++3v38="> AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHd b6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2VmveDcsWtuguQdeLl pAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS014 42dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zVqlXsvjKMIZnMMleHANdbiDBrSAAcIzvMKb8+i8 OO/Ox7K14OQzp/AHzucPoluMxA==</latexit><latexit sha1_base64="78j4Qc/sjLVLmF9nYIlJh++3v38="> AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHd b6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2VmveDcsWtuguQdeLl pAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS014 42dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zVqlXsvjKMIZnMMleHANdbiDBrSAAcIzvMKb8+i8 OO/Ox7K14OQzp/AHzucPoluMxA==</latexit><latexit sha1_base64="78j4Qc/sjLVLmF9nYIlJh++3v38="> AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHd b6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2VmveDcsWtuguQdeLl pAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS014 42dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zVqlXsvjKMIZnMMleHANdbiDBrSAAcIzvMKb8+i8 OO/Ox7K14OQzp/AHzucPoluMxA==</latexit>
N
<latexit sha1_base64="78j4Qc/sjLVLmF9nYIlJh++3v38="> AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHd b6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2VmveDcsWtuguQdeLl pAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS014 42dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zVqlXsvjKMIZnMMleHANdbiDBrSAAcIzvMKb8+i8 OO/Ox7K14OQzp/AHzucPoluMxA==</latexit><latexit sha1_base64="78j4Qc/sjLVLmF9nYIlJh++3v38="> AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHd b6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2VmveDcsWtuguQdeLl pAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS014 42dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zVqlXsvjKMIZnMMleHANdbiDBrSAAcIzvMKb8+i8 OO/Ox7K14OQzp/AHzucPoluMxA==</latexit><latexit sha1_base64="78j4Qc/sjLVLmF9nYIlJh++3v38="> AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHd b6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2VmveDcsWtuguQdeLl pAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS014 42dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zVqlXsvjKMIZnMMleHANdbiDBrSAAcIzvMKb8+i8 OO/Ox7K14OQzp/AHzucPoluMxA==</latexit><latexit sha1_base64="78j4Qc/sjLVLmF9nYIlJh++3v38="> AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHd b6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+hEdSR5yRo2VmveDcsWtuguQdeLl pAI5GoPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2Q00noaBbYzomasV725+J/XS014 42dcJqlByZaLwlQQE5P512TIFTIjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zVqlXsvjKMIZnMMleHANdbiDBrSAAcIzvMKb8+i8 OO/Ox7K14OQzp/AHzucPoluMxA==</latexit>
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<latexit sha1_base64="/a7IEB8JkkbDguIZD8C7RgMvbb8=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRS0GXBjcsK9gFNCDfTSTt0MgkzE6HE4sZfceNCEbd+hTv/xkmbhbYeGDicc++de0+Ycqa043xbK6tr6xubla3q9s7u3r59cNhRSSYJbZOEJ7IXgqKcCdrWTHPaSyWFOOS0G46vC797T6ViibjTk5T6MQwFixgBbaTAPvZi0KMwyh884OkIAseTIIacTgO75tSdGfAycUtSQyVagf3lDRKSxVRowkGpvuuk2s9BakbMvKqXKZoCGcOQ9g0VEFPl57MTpvjMKAMcJdI8ofFM/d2RQ6zUJA5NZbGwWvQK8T+vn+noys+ZSDNNBZl/FGUc6wQXeeABk5RoPjEEiGRmV0xGIIFok1rVhOAunrxMOhd116m7t41as1HGUUEn6BSdIxddoia6QS3URgQ9omf0it6sJ+vFerc+5qUrVtlzhP7A+vwByluXnw==</latexit><latexit sha1_base64="/a7IEB8JkkbDguIZD8C7RgMvbb8=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRS0GXBjcsK9gFNCDfTSTt0MgkzE6HE4sZfceNCEbd+hTv/xkmbhbYeGDicc++de0+Ycqa043xbK6tr6xubla3q9s7u3r59cNhRSSYJbZOEJ7IXgqKcCdrWTHPaSyWFOOS0G46vC797T6ViibjTk5T6MQwFixgBbaTAPvZi0KMwyh884OkIAseTIIacTgO75tSdGfAycUtSQyVagf3lDRKSxVRowkGpvuuk2s9BakbMvKqXKZoCGcOQ9g0VEFPl57MTpvjMKAMcJdI8ofFM/d2RQ6zUJA5NZbGwWvQK8T+vn+noys+ZSDNNBZl/FGUc6wQXeeABk5RoPjEEiGRmV0xGIIFok1rVhOAunrxMOhd116m7t41as1HGUUEn6BSdIxddoia6QS3URgQ9omf0it6sJ+vFerc+5qUrVtlzhP7A+vwByluXnw==</latexit><latexit sha1_base64="/a7IEB8JkkbDguIZD8C7RgMvbb8=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRS0GXBjcsK9gFNCDfTSTt0MgkzE6HE4sZfceNCEbd+hTv/xkmbhbYeGDicc++de0+Ycqa043xbK6tr6xubla3q9s7u3r59cNhRSSYJbZOEJ7IXgqKcCdrWTHPaSyWFOOS0G46vC797T6ViibjTk5T6MQwFixgBbaTAPvZi0KMwyh884OkIAseTIIacTgO75tSdGfAycUtSQyVagf3lDRKSxVRowkGpvuuk2s9BakbMvKqXKZoCGcOQ9g0VEFPl57MTpvjMKAMcJdI8ofFM/d2RQ6zUJA5NZbGwWvQK8T+vn+noys+ZSDNNBZl/FGUc6wQXeeABk5RoPjEEiGRmV0xGIIFok1rVhOAunrxMOhd116m7t41as1HGUUEn6BSdIxddoia6QS3URgQ9omf0it6sJ+vFerc+5qUrVtlzhP7A+vwByluXnw==</latexit><latexit sha1_base64="/a7IEB8JkkbDguIZD8C7RgMvbb8=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRS0GXBjcsK9gFNCDfTSTt0MgkzE6HE4sZfceNCEbd+hTv/xkmbhbYeGDicc++de0+Ycqa043xbK6tr6xubla3q9s7u3r59cNhRSSYJbZOEJ7IXgqKcCdrWTHPaSyWFOOS0G46vC797T6ViibjTk5T6MQwFixgBbaTAPvZi0KMwyh884OkIAseTIIacTgO75tSdGfAycUtSQyVagf3lDRKSxVRowkGpvuuk2s9BakbMvKqXKZoCGcOQ9g0VEFPl57MTpvjMKAMcJdI8ofFM/d2RQ6zUJA5NZbGwWvQK8T+vn+noys+ZSDNNBZl/FGUc6wQXeeABk5RoPjEEiGRmV0xGIIFok1rVhOAunrxMOhd116m7t41as1HGUUEn6BSdIxddoia6QS3URgQ9omf0it6sJ+vFerc+5qUrVtlzhP7A+vwByluXnw==</latexit>
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N
<latexit sha1_base64="78j4 Qc/sjLVLmF9nYIlJh++3v38=">AAAB6HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvP lv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2j pOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+h EdSR5yRo2VmveDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8Nz F+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2 Q00noaBbYzomasV725+J/XS01442dcJqlByZaLwlQQE5P512TIFT IjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zVqlXsvjKMIZnM MleHANdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPoluMxA ==</latexit><latexit sha1_base64="78j4 Qc/sjLVLmF9nYIlJh++3v38=">AAAB6HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvP lv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2j pOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+h EdSR5yRo2VmveDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8Nz F+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2 Q00noaBbYzomasV725+J/XS01442dcJqlByZaLwlQQE5P512TIFT IjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zVqlXsvjKMIZnM MleHANdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPoluMxA ==</latexit><latexit sha1_base64="78j4 Qc/sjLVLmF9nYIlJh++3v38=">AAAB6HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvP lv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2j pOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+h EdSR5yRo2VmveDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8Nz F+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2 Q00noaBbYzomasV725+J/XS01442dcJqlByZaLwlQQE5P512TIFT IjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zVqlXsvjKMIZnM MleHANdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPoluMxA ==</latexit><latexit sha1_base64="78j4 Qc/sjLVLmF9nYIlJh++3v38=">AAAB6HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvP lv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2j pOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+h EdSR5yRo2VmveDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8Nz F+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2 Q00noaBbYzomasV725+J/XS01442dcJqlByZaLwlQQE5P512TIFT IjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zVqlXsvjKMIZnM MleHANdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPoluMxA ==</latexit>
N
<latexit sha1_base64="78j4 Qc/sjLVLmF9nYIlJh++3v38=">AAAB6HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvP lv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2j pOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+h EdSR5yRo2VmveDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8Nz F+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2 Q00noaBbYzomasV725+J/XS01442dcJqlByZaLwlQQE5P512TIFT IjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zVqlXsvjKMIZnM MleHANdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPoluMxA ==</latexit><latexit sha1_base64="78j4 Qc/sjLVLmF9nYIlJh++3v38=">AAAB6HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvP lv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2j pOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+h EdSR5yRo2VmveDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8Nz F+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2 Q00noaBbYzomasV725+J/XS01442dcJqlByZaLwlQQE5P512TIFT IjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zVqlXsvjKMIZnM MleHANdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPoluMxA ==</latexit><latexit sha1_base64="78j4 Qc/sjLVLmF9nYIlJh++3v38=">AAAB6HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvP lv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2j pOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+h EdSR5yRo2VmveDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8Nz F+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2 Q00noaBbYzomasV725+J/XS01442dcJqlByZaLwlQQE5P512TIFT IjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zVqlXsvjKMIZnM MleHANdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPoluMxA ==</latexit><latexit sha1_base64="78j4 Qc/sjLVLmF9nYIlJh++3v38=">AAAB6HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvP lv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2j pOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+h EdSR5yRo2VmveDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8Nz F+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2 Q00noaBbYzomasV725+J/XS01442dcJqlByZaLwlQQE5P512TIFT IjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zVqlXsvjKMIZnM MleHANdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPoluMxA ==</latexit>
N
<latexit sha1_base64="78j4 Qc/sjLVLmF9nYIlJh++3v38=">AAAB6HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvP lv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2j pOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+h EdSR5yRo2VmveDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8Nz F+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2 Q00noaBbYzomasV725+J/XS01442dcJqlByZaLwlQQE5P512TIFT IjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zVqlXsvjKMIZnM MleHANdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPoluMxA ==</latexit><latexit sha1_base64="78j4 Qc/sjLVLmF9nYIlJh++3v38=">AAAB6HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvP lv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2j pOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+h EdSR5yRo2VmveDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8Nz F+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2 Q00noaBbYzomasV725+J/XS01442dcJqlByZaLwlQQE5P512TIFT IjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zVqlXsvjKMIZnM MleHANdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPoluMxA ==</latexit><latexit sha1_base64="78j4 Qc/sjLVLmF9nYIlJh++3v38=">AAAB6HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvP lv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2j pOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+h EdSR5yRo2VmveDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8Nz F+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2 Q00noaBbYzomasV725+J/XS01442dcJqlByZaLwlQQE5P512TIFT IjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zVqlXsvjKMIZnM MleHANdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPoluMxA ==</latexit><latexit sha1_base64="78j4 Qc/sjLVLmF9nYIlJh++3v38=">AAAB6HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0mkoMeCF0/Sgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvP lv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2j pOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M79zhMqzWP5YKYJ+h EdSR5yRo2VmveDcsWtuguQdeLlpAI5GoPyV38YszRCaZigWvc8Nz F+RpXhTOCs1E81JpRN6Ah7lkoaofazxaEzcmGVIQljZUsaslB/T2 Q00noaBbYzomasV725+J/XS01442dcJqlByZaLwlQQE5P512TIFT IjppZQpri9lbAxVZQZm03JhuCtvrxO2ldVz616zVqlXsvjKMIZnM MleHANdbiDBrSAAcIzvMKb8+i8OO/Ox7K14OQzp/AHzucPoluMxA ==</latexit>
NYi=
1
V
i
<latexit sha1_base64="YGmtQRNoC1KdfreU7O9gbNoYO7c=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRS0I1QcONKKtgHNDFMJpN26GQmzEyEEoIbf8WNC0Xc+hXu/BsnbRfaeuDC4Zx7ufeeMGVUacf5tpaWV1bX1isb1c2t7Z1de2+/o0QmMWljwYTshUgRRjlpa6oZ6aWSoCRkpBuOrkq/+0CkooLf6XFK/AQNOI0pRtpIgX3opVJEQU4v3eL+xkuQHoZx3ikCGtg1p+5MABeJOyM1MEMrsL+8SOAsIVxjhpTqu06q/RxJTTEjRdXLFEkRHqEB6RvKUUKUn09eKOCJUSIYC2mKazhRf0/kKFFqnISms7xRzXul+J/Xz3R84eeUp5kmHE8XxRmDWsAyDxhRSbBmY0MQltTcCvEQSYS1Sa1qQnDnX14knbO669Td20at2ZjFUQFH4BicAhecgya4Bi3QBhg8gmfwCt6sJ+vFerc+pq1L1mzmAPyB9fkDcB2XZg==</latexit><latexit sha1_base64="YGmtQRNoC1KdfreU7O9gbNoYO7c=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRS0I1QcONKKtgHNDFMJpN26GQmzEyEEoIbf8WNC0Xc+hXu/BsnbRfaeuDC4Zx7ufeeMGVUacf5tpaWV1bX1isb1c2t7Z1de2+/o0QmMWljwYTshUgRRjlpa6oZ6aWSoCRkpBuOrkq/+0CkooLf6XFK/AQNOI0pRtpIgX3opVJEQU4v3eL+xkuQHoZx3ikCGtg1p+5MABeJOyM1MEMrsL+8SOAsIVxjhpTqu06q/RxJTTEjRdXLFEkRHqEB6RvKUUKUn09eKOCJUSIYC2mKazhRf0/kKFFqnISms7xRzXul+J/Xz3R84eeUp5kmHE8XxRmDWsAyDxhRSbBmY0MQltTcCvEQSYS1Sa1qQnDnX14knbO669Td20at2ZjFUQFH4BicAhecgya4Bi3QBhg8gmfwCt6sJ+vFerc+pq1L1mzmAPyB9fkDcB2XZg==</latexit><latexit sha1_base64="YGmtQRNoC1KdfreU7O9gbNoYO7c=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRS0I1QcONKKtgHNDFMJpN26GQmzEyEEoIbf8WNC0Xc+hXu/BsnbRfaeuDC4Zx7ufeeMGVUacf5tpaWV1bX1isb1c2t7Z1de2+/o0QmMWljwYTshUgRRjlpa6oZ6aWSoCRkpBuOrkq/+0CkooLf6XFK/AQNOI0pRtpIgX3opVJEQU4v3eL+xkuQHoZx3ikCGtg1p+5MABeJOyM1MEMrsL+8SOAsIVxjhpTqu06q/RxJTTEjRdXLFEkRHqEB6RvKUUKUn09eKOCJUSIYC2mKazhRf0/kKFFqnISms7xRzXul+J/Xz3R84eeUp5kmHE8XxRmDWsAyDxhRSbBmY0MQltTcCvEQSYS1Sa1qQnDnX14knbO669Td20at2ZjFUQFH4BicAhecgya4Bi3QBhg8gmfwCt6sJ+vFerc+pq1L1mzmAPyB9fkDcB2XZg==</latexit><latexit sha1_base64="YGmtQRNoC1KdfreU7O9gbNoYO7c=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRS0I1QcONKKtgHNDFMJpN26GQmzEyEEoIbf8WNC0Xc+hXu/BsnbRfaeuDC4Zx7ufeeMGVUacf5tpaWV1bX1isb1c2t7Z1de2+/o0QmMWljwYTshUgRRjlpa6oZ6aWSoCRkpBuOrkq/+0CkooLf6XFK/AQNOI0pRtpIgX3opVJEQU4v3eL+xkuQHoZx3ikCGtg1p+5MABeJOyM1MEMrsL+8SOAsIVxjhpTqu06q/RxJTTEjRdXLFEkRHqEB6RvKUUKUn09eKOCJUSIYC2mKazhRf0/kKFFqnISms7xRzXul+J/Xz3R84eeUp5kmHE8XxRmDWsAyDxhRSbBmY0MQltTcCvEQSYS1Sa1qQnDnX14knbO669Td20at2ZjFUQFH4BicAhecgya4Bi3QBhg8gmfwCt6sJ+vFerc+pq1L1mzmAPyB9fkDcB2XZg==</latexit>
Higgsing
<latexit sha1_base64="wTPuNyKRLoBKr3V3vnjjn5ZxAUY="> AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBS48V7Ae0oWy2m3TpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ ndLW9s7uXnm/cnB4dHxSPT3rmiTTjHdYIhPdD6jhUijeQYGS91PNaRxI3gumdwu/98S1EYl6wFnK/ZhGSoSCUbRSvyWiyAgVjao1t+4u QTaJV5AaFGiPql/DccKymCtkkhoz8NwU/ZxqFEzyeWWYGZ5SNqURH1iqaMyNny/vnZMrq4xJmGhbCslS/T2R09iYWRzYzpjixKx7C/E/ b5BheOvnQqUZcsVWi8JMEkzI4nkyFpozlDNLKNPC3krYhGrK0EZUsSF46y9vkm6j7rl1775Ra7pFHGW4gEu4Bg9uoAktaEMHGEh4hld4 cx6dF+fd+Vi1lpxi5hz+wPn8AQx1j+Y=</latexit><latexit sha1_base64="wTPuNyKRLoBKr3V3vnjjn5ZxAUY="> AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBS48V7Ae0oWy2m3TpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ ndLW9s7uXnm/cnB4dHxSPT3rmiTTjHdYIhPdD6jhUijeQYGS91PNaRxI3gumdwu/98S1EYl6wFnK/ZhGSoSCUbRSvyWiyAgVjao1t+4u QTaJV5AaFGiPql/DccKymCtkkhoz8NwU/ZxqFEzyeWWYGZ5SNqURH1iqaMyNny/vnZMrq4xJmGhbCslS/T2R09iYWRzYzpjixKx7C/E/ b5BheOvnQqUZcsVWi8JMEkzI4nkyFpozlDNLKNPC3krYhGrK0EZUsSF46y9vkm6j7rl1775Ra7pFHGW4gEu4Bg9uoAktaEMHGEh4hld4 cx6dF+fd+Vi1lpxi5hz+wPn8AQx1j+Y=</latexit><latexit sha1_base64="wTPuNyKRLoBKr3V3vnjjn5ZxAUY="> AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBS48V7Ae0oWy2m3TpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ ndLW9s7uXnm/cnB4dHxSPT3rmiTTjHdYIhPdD6jhUijeQYGS91PNaRxI3gumdwu/98S1EYl6wFnK/ZhGSoSCUbRSvyWiyAgVjao1t+4u QTaJV5AaFGiPql/DccKymCtkkhoz8NwU/ZxqFEzyeWWYGZ5SNqURH1iqaMyNny/vnZMrq4xJmGhbCslS/T2R09iYWRzYzpjixKx7C/E/ b5BheOvnQqUZcsVWi8JMEkzI4nkyFpozlDNLKNPC3krYhGrK0EZUsSF46y9vkm6j7rl1775Ra7pFHGW4gEu4Bg9uoAktaEMHGEh4hld4 cx6dF+fd+Vi1lpxi5hz+wPn8AQx1j+Y=</latexit><latexit sha1_base64="wTPuNyKRLoBKr3V3vnjjn5ZxAUY="> AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBS48V7Ae0oWy2m3TpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ ndLW9s7uXnm/cnB4dHxSPT3rmiTTjHdYIhPdD6jhUijeQYGS91PNaRxI3gumdwu/98S1EYl6wFnK/ZhGSoSCUbRSvyWiyAgVjao1t+4u QTaJV5AaFGiPql/DccKymCtkkhoz8NwU/ZxqFEzyeWWYGZ5SNqURH1iqaMyNny/vnZMrq4xJmGhbCslS/T2R09iYWRzYzpjixKx7C/E/ b5BheOvnQqUZcsVWi8JMEkzI4nkyFpozlDNLKNPC3krYhGrK0EZUsSF46y9vkm6j7rl1775Ra7pFHGW4gEu4Bg9uoAktaEMHGEh4hld4 cx6dF+fd+Vi1lpxi5hz+wPn8AQx1j+Y=</latexit>
. .
. .
. .
. x
WN
<latexit sha1_base64="LP87HNktAhk6DEsXvX7VPuzAmWE="> AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBiyepYD+gCWWz3bRLd5OwOxFL6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlQKg677 7ZTW1jc2t8rblZ3dvf2D6uFR2ySZZrzFEpnobkgNlyLmLRQoeTfVnKpQ8k44vpn5nUeujUjiB5ykPFB0GItIMIpW8n3kT6hV3pn27/rV mlt35yCrxCtIDQo0+9Uvf5CwTPEYmaTG9Dw3xSCnGgWTfFrxM8NTysZ0yHuWxlRxE+Tzm6fkzCoDEiXaVoxkrv6eyKkyZqJC26kojsyy NxP/83oZRtdBLuI0Qx6zxaIokwQTMguADITmDOXEEsq0sLcSNqKaMrQxVWwI3vLLq6R9Uffcund/WWtcFnGU4QRO4Rw8uIIG3EITWsAg hWd4hTcnc16cd+dj0Vpyiplj+APn8wds4JHg</latexit><latexit sha1_base64="LP87HNktAhk6DEsXvX7VPuzAmWE="> AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBiyepYD+gCWWz3bRLd5OwOxFL6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlQKg677 7ZTW1jc2t8rblZ3dvf2D6uFR2ySZZrzFEpnobkgNlyLmLRQoeTfVnKpQ8k44vpn5nUeujUjiB5ykPFB0GItIMIpW8n3kT6hV3pn27/rV mlt35yCrxCtIDQo0+9Uvf5CwTPEYmaTG9Dw3xSCnGgWTfFrxM8NTysZ0yHuWxlRxE+Tzm6fkzCoDEiXaVoxkrv6eyKkyZqJC26kojsyy NxP/83oZRtdBLuI0Qx6zxaIokwQTMguADITmDOXEEsq0sLcSNqKaMrQxVWwI3vLLq6R9Uffcund/WWtcFnGU4QRO4Rw8uIIG3EITWsAg hWd4hTcnc16cd+dj0Vpyiplj+APn8wds4JHg</latexit><latexit sha1_base64="LP87HNktAhk6DEsXvX7VPuzAmWE="> AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBiyepYD+gCWWz3bRLd5OwOxFL6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlQKg677 7ZTW1jc2t8rblZ3dvf2D6uFR2ySZZrzFEpnobkgNlyLmLRQoeTfVnKpQ8k44vpn5nUeujUjiB5ykPFB0GItIMIpW8n3kT6hV3pn27/rV mlt35yCrxCtIDQo0+9Uvf5CwTPEYmaTG9Dw3xSCnGgWTfFrxM8NTysZ0yHuWxlRxE+Tzm6fkzCoDEiXaVoxkrv6eyKkyZqJC26kojsyy NxP/83oZRtdBLuI0Qx6zxaIokwQTMguADITmDOXEEsq0sLcSNqKaMrQxVWwI3vLLq6R9Uffcund/WWtcFnGU4QRO4Rw8uIIG3EITWsAg hWd4hTcnc16cd+dj0Vpyiplj+APn8wds4JHg</latexit><latexit sha1_base64="LP87HNktAhk6DEsXvX7VPuzAmWE="> AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBiyepYD+gCWWz3bRLd5OwOxFL6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlQKg677 7ZTW1jc2t8rblZ3dvf2D6uFR2ySZZrzFEpnobkgNlyLmLRQoeTfVnKpQ8k44vpn5nUeujUjiB5ykPFB0GItIMIpW8n3kT6hV3pn27/rV mlt35yCrxCtIDQo0+9Uvf5CwTPEYmaTG9Dw3xSCnGgWTfFrxM8NTysZ0yHuWxlRxE+Tzm6fkzCoDEiXaVoxkrv6eyKkyZqJC26kojsyy NxP/83oZRtdBLuI0Qx6zxaIokwQTMguADITmDOXEEsq0sLcSNqKaMrQxVWwI3vLLq6R9Uffcund/WWtcFnGU4QRO4Rw8uIIG3EITWsAg hWd4hTcnc16cd+dj0Vpyiplj+APn8wds4JHg</latexit>
String/W✏1,✏2(A1)
<latexit sha1_base64="ZDm2MqGVcleo9wfjhBevUlx9CHI="> AAACIHicbVDLSsNAFJ3UV62vqks3wSJUkJoUQZcVNy4VrS00IUymt3XoZBJmbsQS8ilu/BU3LhTRnX6N01rF14GBM+ecy8w9YSK4Rsd5 tQpT0zOzc8X50sLi0vJKeXXtQsepYtBksYhVO6QaBJfQRI4C2okCGoUCWuHgaOS3rkBpHstzHCbgR7QveY8zikYKyvsewjWqKDtDxWU/ 3/28t/Ig8yDRXJiYu/NF63n1MHC3g3LFqTlj2H+JOyEVMsFJUH7xujFLI5DIBNW64zoJ+hlVyJmAvOSlGhLKBrQPHUMljUD72XjB3N4y StfuxcocifZY/T6R0UjrYRSaZETxUv/2RuJ/XifF3oGfcZmkCJJ9PNRLhY2xPWrL7nIFDMXQEMoUN3+12SVVlKHptGRKcH+v/Jdc1Guu U3NP9yqNvUkdRbJBNkmVuGSfNMgxOSFNwsgNuSMP5NG6te6tJ+v5I1qwJjPr5Aest3dE+6Qi</latexit><latexit sha1_base64="ZDm2MqGVcleo9wfjhBevUlx9CHI="> AAACIHicbVDLSsNAFJ3UV62vqks3wSJUkJoUQZcVNy4VrS00IUymt3XoZBJmbsQS8ilu/BU3LhTRnX6N01rF14GBM+ecy8w9YSK4Rsd5 tQpT0zOzc8X50sLi0vJKeXXtQsepYtBksYhVO6QaBJfQRI4C2okCGoUCWuHgaOS3rkBpHstzHCbgR7QveY8zikYKyvsewjWqKDtDxWU/ 3/28t/Ig8yDRXJiYu/NF63n1MHC3g3LFqTlj2H+JOyEVMsFJUH7xujFLI5DIBNW64zoJ+hlVyJmAvOSlGhLKBrQPHUMljUD72XjB3N4y StfuxcocifZY/T6R0UjrYRSaZETxUv/2RuJ/XifF3oGfcZmkCJJ9PNRLhY2xPWrL7nIFDMXQEMoUN3+12SVVlKHptGRKcH+v/Jdc1Guu U3NP9yqNvUkdRbJBNkmVuGSfNMgxOSFNwsgNuSMP5NG6te6tJ+v5I1qwJjPr5Aest3dE+6Qi</latexit><latexit sha1_base64="ZDm2MqGVcleo9wfjhBevUlx9CHI="> AAACIHicbVDLSsNAFJ3UV62vqks3wSJUkJoUQZcVNy4VrS00IUymt3XoZBJmbsQS8ilu/BU3LhTRnX6N01rF14GBM+ecy8w9YSK4Rsd5 tQpT0zOzc8X50sLi0vJKeXXtQsepYtBksYhVO6QaBJfQRI4C2okCGoUCWuHgaOS3rkBpHstzHCbgR7QveY8zikYKyvsewjWqKDtDxWU/ 3/28t/Ig8yDRXJiYu/NF63n1MHC3g3LFqTlj2H+JOyEVMsFJUH7xujFLI5DIBNW64zoJ+hlVyJmAvOSlGhLKBrQPHUMljUD72XjB3N4y StfuxcocifZY/T6R0UjrYRSaZETxUv/2RuJ/XifF3oGfcZmkCJJ9PNRLhY2xPWrL7nIFDMXQEMoUN3+12SVVlKHptGRKcH+v/Jdc1Guu U3NP9yqNvUkdRbJBNkmVuGSfNMgxOSFNwsgNuSMP5NG6te6tJ+v5I1qwJjPr5Aest3dE+6Qi</latexit><latexit sha1_base64="ZDm2MqGVcleo9wfjhBevUlx9CHI="> AAACIHicbVDLSsNAFJ3UV62vqks3wSJUkJoUQZcVNy4VrS00IUymt3XoZBJmbsQS8ilu/BU3LhTRnX6N01rF14GBM+ecy8w9YSK4Rsd5 tQpT0zOzc8X50sLi0vJKeXXtQsepYtBksYhVO6QaBJfQRI4C2okCGoUCWuHgaOS3rkBpHstzHCbgR7QveY8zikYKyvsewjWqKDtDxWU/ 3/28t/Ig8yDRXJiYu/NF63n1MHC3g3LFqTlj2H+JOyEVMsFJUH7xujFLI5DIBNW64zoJ+hlVyJmAvOSlGhLKBrQPHUMljUD72XjB3N4y StfuxcocifZY/T6R0UjrYRSaZETxUv/2RuJ/XifF3oGfcZmkCJJ9PNRLhY2xPWrL7nIFDMXQEMoUN3+12SVVlKHptGRKcH+v/Jdc1Guu U3NP9yqNvUkdRbJBNkmVuGSfNMgxOSFNwsgNuSMP5NG6te6tJ+v5I1qwJjPr5Aest3dE+6Qi</latexit>
AGT
<latexit sha1_base64="xMqJ zCbCkLfeV3/gKtCh99gWZF8=">AAAB6nicbVBNS8NAEJ34WetX1a OXxSJ4KkkR9FjxoMeK/YI2lM120y7dbMLuRCihP8GLB0W8+ou8+W /ctjlo64OBx3szzMwLEikMuu63s7a+sbm1Xdgp7u7tHxyWjo5bJk 41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwaOEm4H9 GhEqFgFK30eHPX6JfKbsWdg6wSLydlyFHvl756g5ilEVfIJDWm67 kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9f dERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQG jOUE4soUwLeythI6opQ5tO0YbgLb+8SlrViudWvIdquXaZx1GAUz iDC/DgCmpwD3VoAoMhPMMrvDnSeXHenY9F65qTz5zAHzifP8OVjW Q=</latexit><latexit sha1_base64="xMqJ zCbCkLfeV3/gKtCh99gWZF8=">AAAB6nicbVBNS8NAEJ34WetX1a OXxSJ4KkkR9FjxoMeK/YI2lM120y7dbMLuRCihP8GLB0W8+ou8+W /ctjlo64OBx3szzMwLEikMuu63s7a+sbm1Xdgp7u7tHxyWjo5bJk 41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwaOEm4H9 GhEqFgFK30eHPX6JfKbsWdg6wSLydlyFHvl756g5ilEVfIJDWm67 kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9f dERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQG jOUE4soUwLeythI6opQ5tO0YbgLb+8SlrViudWvIdquXaZx1GAUz iDC/DgCmpwD3VoAoMhPMMrvDnSeXHenY9F65qTz5zAHzifP8OVjW Q=</latexit><latexit sha1_base64="xMqJ zCbCkLfeV3/gKtCh99gWZF8=">AAAB6nicbVBNS8NAEJ34WetX1a OXxSJ4KkkR9FjxoMeK/YI2lM120y7dbMLuRCihP8GLB0W8+ou8+W /ctjlo64OBx3szzMwLEikMuu63s7a+sbm1Xdgp7u7tHxyWjo5bJk 41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwaOEm4H9 GhEqFgFK30eHPX6JfKbsWdg6wSLydlyFHvl756g5ilEVfIJDWm67 kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9f dERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQG jOUE4soUwLeythI6opQ5tO0YbgLb+8SlrViudWvIdquXaZx1GAUz iDC/DgCmpwD3VoAoMhPMMrvDnSeXHenY9F65qTz5zAHzifP8OVjW Q=</latexit><latexit sha1_base64="xMqJ zCbCkLfeV3/gKtCh99gWZF8=">AAAB6nicbVBNS8NAEJ34WetX1a OXxSJ4KkkR9FjxoMeK/YI2lM120y7dbMLuRCihP8GLB0W8+ou8+W /ctjlo64OBx3szzMwLEikMuu63s7a+sbm1Xdgp7u7tHxyWjo5bJk 41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwaOEm4H9 GhEqFgFK30eHPX6JfKbsWdg6wSLydlyFHvl756g5ilEVfIJDWm67 kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9f dERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQG jOUE4soUwLeythI6opQ5tO0YbgLb+8SlrViudWvIdquXaZx1GAUz iDC/DgCmpwD3VoAoMhPMMrvDnSeXHenY9F65qTz5zAHzifP8OVjW Q=</latexit>
AGT
<latexit sha1_base64="xMqJzCbCkLfeV3/gKtCh99gWZF8="> AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9FjxoMeK/YI2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63 s7a+sbm1Xdgp7u7tHxyWjo5bJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwaOEm4H9GhEqFgFK30eHPX6JfKbsWdg6wS LydlyFHvl756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K 4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrViudWvIdquXaZx1GAUziDC/DgCmpwD3VoAoMhPMMrvDnS eXHenY9F65qTz5zAHzifP8OVjWQ=</latexit><latexit sha1_base64="xMqJzCbCkLfeV3/gKtCh99gWZF8="> AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9FjxoMeK/YI2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63 s7a+sbm1Xdgp7u7tHxyWjo5bJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwaOEm4H9GhEqFgFK30eHPX6JfKbsWdg6wS LydlyFHvl756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K 4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrViudWvIdquXaZx1GAUziDC/DgCmpwD3VoAoMhPMMrvDnS eXHenY9F65qTz5zAHzifP8OVjWQ=</latexit><latexit sha1_base64="xMqJzCbCkLfeV3/gKtCh99gWZF8="> AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9FjxoMeK/YI2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63 s7a+sbm1Xdgp7u7tHxyWjo5bJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwaOEm4H9GhEqFgFK30eHPX6JfKbsWdg6wS LydlyFHvl756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K 4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrViudWvIdquXaZx1GAUziDC/DgCmpwD3VoAoMhPMMrvDnS eXHenY9F65qTz5zAHzifP8OVjWQ=</latexit><latexit sha1_base64="xMqJzCbCkLfeV3/gKtCh99gWZF8="> AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9FjxoMeK/YI2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63 s7a+sbm1Xdgp7u7tHxyWjo5bJk41400Wy1h3Amq4FIo3UaDknURzGgWSt4Px7cxvP3FtRKwaOEm4H9GhEqFgFK30eHPX6JfKbsWdg6wS LydlyFHvl756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K 4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrViudWvIdquXaZx1GAUziDC/DgCmpwD3VoAoMhPMMrvDnS eXHenY9F65qTz5zAHzifP8OVjWQ=</latexit>
NYi=
1
V
i
<latexit sha1_base64="CmTVmrE/EuqpBCK1V66nxpVD3R0=">AAACDXicbVDLSsNAFJ34rPUVdelmsAquSiIF3QgFN66kgn1AE8NkMmmHTmbCzEQoIT/gxl9x40IRt+7d+TdO2i609cDA4dxz79x7wpRRpR3n21paXlldW69sVDe3tnd27b39jhKZxKSNBROyFyJFGOWkralmpJdKgpKQkW44uirr3QciFRX8To9T4idowGlMMdJGCuxjL5UiCnJ66Rb3N54w3nJU7iVID8M47xRFQAO75tSdCeAicWekBmZoBfaXFwmcJYRrzJBSfddJtZ8jqSlmpKh6mSIpwiM0IH1DOUqI8vPJNQU8MUoEYyHN4xpO1N8dOUqUGiehcZZLqvlaKf5X62c6vvBzytNME46nH8UZg1rAMhoYUUmwZmNDEJbU7ArxEEmEtQmwakJw509eJJ2zuuvU3dtGrdmYxVEBh+AInAIXnIMmuAYt0AYYPIJn8ArerCfrxXq3PqbWJWvWcwD+wPr8AbYDnIw=</latexit><latexit sha1_base64="CmTVmrE/EuqpBCK1V66nxpVD3R0=">AAACDXicbVDLSsNAFJ34rPUVdelmsAquSiIF3QgFN66kgn1AE8NkMmmHTmbCzEQoIT/gxl9x40IRt+7d+TdO2i609cDA4dxz79x7wpRRpR3n21paXlldW69sVDe3tnd27b39jhKZxKSNBROyFyJFGOWkralmpJdKgpKQkW44uirr3QciFRX8To9T4idowGlMMdJGCuxjL5UiCnJ66Rb3N54w3nJU7iVID8M47xRFQAO75tSdCeAicWekBmZoBfaXFwmcJYRrzJBSfddJtZ8jqSlmpKh6mSIpwiM0IH1DOUqI8vPJNQU8MUoEYyHN4xpO1N8dOUqUGiehcZZLqvlaKf5X62c6vvBzytNME46nH8UZg1rAMhoYUUmwZmNDEJbU7ArxEEmEtQmwakJw509eJJ2zuuvU3dtGrdmYxVEBh+AInAIXnIMmuAYt0AYYPIJn8ArerCfrxXq3PqbWJWvWcwD+wPr8AbYDnIw=</latexit><latexit sha1_base64="CmTVmrE/EuqpBCK1V66nxpVD3R0=">AAACDXicbVDLSsNAFJ34rPUVdelmsAquSiIF3QgFN66kgn1AE8NkMmmHTmbCzEQoIT/gxl9x40IRt+7d+TdO2i609cDA4dxz79x7wpRRpR3n21paXlldW69sVDe3tnd27b39jhKZxKSNBROyFyJFGOWkralmpJdKgpKQkW44uirr3QciFRX8To9T4idowGlMMdJGCuxjL5UiCnJ66Rb3N54w3nJU7iVID8M47xRFQAO75tSdCeAicWekBmZoBfaXFwmcJYRrzJBSfddJtZ8jqSlmpKh6mSIpwiM0IH1DOUqI8vPJNQU8MUoEYyHN4xpO1N8dOUqUGiehcZZLqvlaKf5X62c6vvBzytNME46nH8UZg1rAMhoYUUmwZmNDEJbU7ArxEEmEtQmwakJw509eJJ2zuuvU3dtGrdmYxVEBh+AInAIXnIMmuAYt0AYYPIJn8ArerCfrxXq3PqbWJWvWcwD+wPr8AbYDnIw=</latexit><latexit sha1_base64="CmTVmrE/EuqpBCK1V66nxpVD3R0=">AAACDXicbVDLSsNAFJ34rPUVdelmsAquSiIF3QgFN66kgn1AE8NkMmmHTmbCzEQoIT/gxl9x40IRt+7d+TdO2i609cDA4dxz79x7wpRRpR3n21paXlldW69sVDe3tnd27b39jhKZxKSNBROyFyJFGOWkralmpJdKgpKQkW44uirr3QciFRX8To9T4idowGlMMdJGCuxjL5UiCnJ66Rb3N54w3nJU7iVID8M47xRFQAO75tSdCeAicWekBmZoBfaXFwmcJYRrzJBSfddJtZ8jqSlmpKh6mSIpwiM0IH1DOUqI8vPJNQU8MUoEYyHN4xpO1N8dOUqUGiehcZZLqvlaKf5X62c6vvBzytNME46nH8UZg1rAMhoYUUmwZmNDEJbU7ArxEEmEtQmwakJw509eJJ2zuuvU3dtGrdmYxVEBh+AInAIXnIMmuAYt0AYYPIJn8ArerCfrxXq3PqbWJWvWcwD+wPr8AbYDnIw=</latexit>
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Figure 4. Brane picture of the Gauge/W1,2 correspondence for the simplest quiver Ξ = A1. The
lower part refers to the AGT/class-S perspective.
for understanding in which sense the AGT relation happen to be orthogonal (literally) to
our description: the stack of N D4 support the higher rank algebra WN , with each NS5
intersecting the D4 describing a rank N − 1 full puncture and a rank 1 simple puncture.
After Higgsing, the emerging D2 is associate to the simple puncture which has turned to
fully-degenerate.
Generally, for 4d N = 2 A-shaped quivers and unitary gauge groups, the duality we have
just described can be generalized to an equivalence of (M + 2)-point functions in WN and
(N + 2)-point functions in W1,2(AM−1). We also expect that a similar relation will hold
for a wider class of surface defects as well [86]. In the 5d/q-deformed setup, the origin of
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such interplay is known from the string perspective due to fiber/base/S-duality [52, 53], the
algebraic viewpoint because of Miki’s automorphism of the DIM algebra, and the theory of
integrable systems: the effect of the duality on the gauge theory side is simply to exchange
the rank of the quiver with the rank of the gauge group, with a Lagrangian description
existing in both frames; at the quantum group level, the duality simply exchanges two
algebras in the same family and their correlation functions; in integrable systems of fully
trigonometric type, spectral duality acts within the same class. Instead, in the 4d/-
deformed setup the duality changes the type of algebras involved, and the very existence
of the duality is far less understood. This is because the existence of only one frame where
a conventional gauge theory description seems to be valid. In fact, at codim-2, the duality
has been shown [81] to look very much as Hori-Vafa mirror symmetry between gauged
linear sigma models and Landau-Ginzburg theories [87–89]. On the algebraic side, the
relation between our approach and AGT is ultimately to be found in the representation
theory of the affine Yangian which underlies both constructions.
4.2 rRS model and dual Jack functions
In this last subsection, we would like to explore possible relations between W1,2(Ξ) al-
gebras associated to 4d/2d quiver gauge theories and quantum integrable systems. For
simplicity, we focus on A-type quivers only. A natural starting point in this direction is the
observation that the Wq,t−1(AN ) algebras were introduced in connection with the theory of
Macdonald polynomials: in the CFT-limit q → 1, these reduce to Jack polynomials which
are in one-to-one correspondence with WN singular vectors, while the former turns out
to be in one-to-one correspondence with Wq,t−1(AN ) singular vectors [44, 78]. Moreover,
another characterization of these orthogonal polynomials is through the integrable systems
they are related to: Macdonald or Jack polynomials are eigenfunctions of the trigonometric
Ruijsenaars-Schneider (tRS) or Calogero-Moser-Sutherland (tCMS) models respectively.21
The connection to Wq,t−1(AN ) and WN algebras goes through the bosonization formulas
of the quantum Hamiltonians: once the Heisenberg oscillators are represented on the Fock
space of symmetric functions by choosing the power sums basis, the non-diagonal part of
the Hamiltonians can be expressed in terms of the algebra generators which annihilate the
singular vectors constructed from the screening currents. Here, we aim at applying part of
this logic to the case of the W1,2(AN ) algebra.
We are going to show that: i) certain W1,2(AN ) free boson correlators are eigenfunctions
of the rational Ruijsenaars-Scheider (rRS) system; ii) spectral duality between W1,2(AN )
and WN correlators corresponds to the PQ-duality exchanging coordinates and momenta
between the rRS and tCMS models.22 The first relation follows from what we have just
21More precisely, they describe excitations over the vacuum. The vacuum wavefunction is simply a trigono-
metric q/β-deformed Vandermonde determinant which can be stripped off.
22Actually, the more appropriate model is the hyperbolic one. From our perspective, the difference amounts
in the interpretation of the oscillators either as trigonometric/hyperbolic variables. The reality conditions
become important when discussing the actual spectrum of the Hamiltonians, but they play a little role
in the bosonization formulas as we always work in a complexified setup.
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recalled, namely that certain screening integrals of the Wq,t−1(AN ) algebra are tRS eigen-
functions. Upon taking the ~-limit, one gets the singular vectors23 of the W1,2(AN )
algebra (dual Jack functions) on the one side, and the corresponding rRS eigenfunctions
on the other side. The second relation describes how the spectral/PQ-duality manifests
itself on the level of integrable systems.24 The tRS model is known to be PQ-self-dual
as the dependance on coordinates and momenta is trigonometric/trigonometric. On the
one hand, after the ~-limit the tRS Hamiltonian turns into the rRS Hamiltonian in which
the dependance on coordinates becomes rational (the circle on which the coordinates live
is decompactified). On the other hand, the tCMS model arises in the dual CFT-limit of
tRS, in which it is the dependance on momenta becoming rational. Given the action of
PQ-duality, it is natural that the two different limits of tRS are dual to each other: this is
the remnant of the self-duality which is broken by the limiting procedures.
In order to develop these points, let us start by recalling the Macdonald/tRS Hamiltonian
for a system of N particles with positions xi, which we take to be
Ht ≡
N∑
i=1
∏
j 6=i
txi − xj
xi − xj q
xi∂xi , (4.3)
which in the ~-limit reduces to the rRS Hamiltonian
H2 ≡
N∑
i=1
∏
j 6=i
2 +Xi −Xj
Xi −Xj e
−1∂Xi . (4.4)
It is an interesting problem to express this operator in terms of W1,2(AN ) generators, as
our construction suggests, but we do not attempt to do that here. Instead, our goal is to
algorithmically construct its eigenfunctions in terms of the W1,2(AN ) screening charges
and compute the resulting eigenvalues. Let us begin with a trivial example, namely the
1-body Hamiltonian whose eigenfunction is
ψ(X1|z1) ∼ z−X1/11 , (4.5)
with eigenvalue E2 = z1. This result holds up to multiplication by a periodic function of
the coordinate with period 1. As a less trivial yet simple example, let us take the 2-body
Hamiltonian, for which it can be verified that25
ψ(X1, X2|z1, z2) ∼ z
−X1+X2
1
2
(
z1
z2
)−X1
1 Γ1(0|1)Γ1(X2 −X1|1)
Γ1(−2|1)Γ1(−2 +X2 −X1|1)×
× 2F1
[
+, ++X1−X2
1, 1+X1−X2
∣∣∣∣z2z1
]
(4.6)
23By analogy with the q-deformed case, we continue to use the world singular vector even though we do
not know the exact relation with the representation theory of the W1,2(AN ) algebra.
24In the context of 3d quiver gauge theories and tRS model, this and other aspects are extensively discussed
in [68, 80, 128].
25We recall that, if a function f(x) has a pole at x = x0, then f(x0) denotes its residue.
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is an eigenfunction with eigenvalue E2 = z1 + z2. This directly follows from the hypergeo-
metric equation and contiguous recurrence relations. Due to the symmetry of the problem,
we can of course get another solution by exchanging X1 ↔ X2, and we can give an integral
representation of the solutions as follows
ψ(X1, X2|z1, z2) ≡ z
−X1+X2
1
2
∮
Ci
ds
2pii
(
z1
z2
)− s
1
2∏
j=1
Γ1(Xj − s|1)
Γ1(−2 +Xj − s|1) , (4.7)
where the enclosed poles are at s = Xi + n1, n ∈ Z≥0. These two expressions are nothing
but a basis of the 4-point functions with two degenerate fields of the -Virasoro algebra,
constructed using a single screening current. We have already shown that such free field
conformal blocks are spectral dual to the conformal blocks of the ordinary Virasoro algebra,
which are in turn eigenfunctions of the 2-body tCMS system as we recall below.
More generally, the N -body eigenfunctions can be obtained by induction using the kernel
function for the rRS Hamiltonian26
Π(~Y , ~X) ≡
N∏
i=1
M∏
j=1
Γ1(Xi − Yj |1)
Γ1(−2 +Xi − Yj |1) . (4.8)
The derivation is very similar to that in the trigonometric case (we refer to [80, 81, 129]
for the discussion in the context of 3d gauge theories). Indeed, consider the action of the
rRS Hamiltonian in X variables on the kernel function (4.8). Using the recurrence relation
for the Γ1 function we get
H
(X)
2 Π(
~Y , ~X) =
N∑
i=1
N∏
j 6=i
Xi −Xj − 2
Xi −Xj
M∏
k=1
Xi − Yk
Xi − Yk − 2 Π(
~Y , ~X) . (4.9)
We can notice that the rational function in (4.9) can be written as a contour integral
H
(X)
2 Π(
~Y , ~X) = −
∮
CX
dz
2pii2
N∏
j=1
z −Xj − 2
z −Xj
M∏
k=1
z − Yk
z − Yk − 2 Π(
~Y , ~X) , (4.10)
where CX encircles the poles at Xi, i = 1, . . . , N . Expanding the contour we get residues
at z = Yi and at z =∞, namely∮
CY
dz
2pii2
N∏
j=1
z −Xj − 2
z −Xj
M∏
k=1
z − Yk
z − Yk − 2 =
M∑
k=1
M∏
j 6=k
Yk − Yj + 2
Yk − Yj
N∏
l=1
Yk −Xl
Yk −Xl + 2 ,
(4.11)
−
∮
C∞
dz
2pii2
N∏
j=1
z −Xj − 2
z −Xj
M∏
k=1
z − Yk
z − Yk − 2 = N −M . (4.12)
26In the trigonometric case, similar kernel functions arise from completeness of Macdonald/Jack/Schur
functions. It is an interesting question whether this applies to the present case as well, of which we do
not know the answer.
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Summing up two contributions (4.11) and (4.12) we get
H
(X)
2 Π(
~Y , ~X) =
N −M + M∑
k=1
M∏
j 6=k
Yk − Yj + 2
Yk − Yj
N∏
l=1
Yk −Xl
Yk −Xl + 2
Π(~Y , ~X) =
=
N −M + M∑
k=1
M∏
j 6=k
Yk − Yj + 2
Yk − Yj e
−1∂Yk
Π(~Y , ~X) = [N −M + (H(Y )2 )†]Π(~Y , ~X) ,
(4.13)
where the conjugate of the rRS Hamiltonian is defined using the following scalar product
on wavefunctions27
〈f |g〉 ≡
∮
dNX
(2pii)N
∆(1,2)( ~X)f( ~X)g( ~X) , (4.14)
with measure determined by the -deformed version of the Vandermonde determinant
∆(1,2)( ~X) ≡
N∏
i 6=j
Γ1(Xi −Xj − 2|1)
Γ1(Xi −Xj |1) . (4.15)
The integral representation of the multiparticle wavefunction is thus given by
ψ( ~X(N)|~z(N)) ≡ z−
∑N
i=1 X
(N)
i
1
N ×
×
∮ N−1∏
a=1
dX(a)
(2pii)N/2
N−1∏
a=1
(
za
za+1
)−∑ai=1 X(a)i
1
∆(1,2)( ~X(a))Π( ~X(a), ~X(a+1)) . (4.16)
In fact, the N -body rRS Hamiltonian H
(X(N))
2 acts on the last kernel, and using the iden-
tity (4.13) it can be expressed through the conjugate Hamiltonian acting on X(N−1) vari-
ables. The -deformed Vandermonde determinant can then be used to convert the conjugate
Hamiltonian back to the original one. Moving the Hamiltonian sequentially from right to
left one eventually proves that (4.16) is indeed an eigenfunction with eigenvalue
E2 = zN
(
1 +
zN−1
zN
(
1 +
zN−2
zN−1
(. . .)
))
=
N∑
i=1
zi . (4.17)
Remark. The eigenfunctions of the tRS model describe vortex partition functions of the
3d self-mirror T [U(N)] theory [80], the S-duality wall of 4d N = 4 SYM. In this setup, the
tRS Hamiltonians and eigenvalues represent the action of bulk ’t Hooft and Wilson loop
operators at the interface. This theory also arises from maximal Higgsing of the 5d square
theory U(N)N−1 [81, 82], and it can also be seen a full monodromy defect in 5d N = 1∗
27Strictly speaking, we should carefully specify the class of allowed functions as we need some control over
the analytic properties. However, here we only act on kernel functions which are well under control.
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SYM [80]. Similarly, following the algebra/gauge dictionary of section 3, the eigenfunctions
of the rRS model which we have constructed also match vortex partition functions of the 2d
N = (2, 2) theory arising from maximal Higgsing of the 4d square theory. This property
has been known for a long time [130, 131], and the embedding of the theory as a full
monodromy defect in 4d N = 2∗ SYM was further studied in [132]. We also refer to [111]
the for gauge theory interpretation of the Hamiltonians.
We now turn to describing the spectral dual system. The dual tCMS Hamiltonian28
H˜2 ≡
N∑
i=1
(1zi∂zi)
2 −
∑
i 6=j
2 (2 + 1) zizj
(zi − zj)2 (4.18)
acts on the zi variables, but it is non-trivial to see directly from the given integral represen-
tation that (4.16) (up to a rescaling which we could not fix so far) is in fact its eigenfunction
as well. In the 2-particle case, one can deduce the result from the hypergeometric differ-
ential equation
H˜n=1,2ψ˜(X1, X2|z1, z2) = (Xn1 +Xn2 )ψ˜(X1, X2|z1, z2) , (4.19)
which allows us to fix the correct rescaling factor as (essentially, the vacuum wavefunction
which is usually stripped off from the very beginning)
ψ˜(X1, X2|z1, z2) ≡ z2
z1
(
1− z2
z1
) +
1
ψ(X1, X2|z1, z2) . (4.20)
Another way of proving (4.19) is to first use the Euler transformation on the hypergeometric
function in (4.7)
2F1
[
+, ++X1−X2
1, 1+X1−X2
∣∣∣∣z2z1
]
=
(
1− z2
z1
)−2 2
1
−1
2F1
[
−2, −2+X1−X2
1, 1+X1−X2
∣∣∣∣z2z1
]
, (4.21)
and then use the Euler-Selberg integral representation
ψ˜(X1, X2|z1, z2) ∼ (z1z2)−
X1
1
z2
z1
(z1 − z2)−
2
1
e
ipi
1
(X2−X1)
sin pi1 (X2 −X1)
Γ1 (X2 −X1 + +|1)
Γ1 (X2 −X1 − 2|1)×
×
∮
γ1
dxx
X1−X2−+
1 (z2 − x)
2
1 (z1 − x)
2
1 , (4.22)
where γ1 is the Pochhammer contour wrapping two times around 0 and z1. In general,
the appropriately rescaled rRS eigenfunction is also an eigenfunction of the tCMS, with
eigenvalues
E˜n =
N∑
i=1
Xni . (4.23)
28This is the second in the hierarchy of CMS integrals of motion. The first Hamiltonian H˜1 =
∑N
i=1 1zi∂zi
just counts the total homogeneous degree of the wavefunction in zi.
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The dual integral representation can be written recursively using the kernel function
P(~z, ~w) ≡
N∏
i=1
M∏
j=1
1
(zi − wj)−
2
1
, (4.24)
and the corresponding Euler-Selberg representation reads as
ψ˜( ~X(N)|~z(N)) ∼
(
N∏
i=1
zi
)−X1
1
×
×
∮ N−1∏
a=1
d ln z(a)
(2pii)N/2
N−1∏
a=1
(
a∏
i=1
z
(a)
i
)Xa−Xa+1−+
1
∆(~z(a))
−2 2
1 P(~z(a), ~z(a+1)) , (4.25)
where ∆(~z) ≡∏i<j(zi − zj) is the standard Vandermonde determinant.
From the last expression, it is manifest that the polynomial eigenfunctions, a.k.a. Jack
polynomials, can be obtained by putting the rRS positions ~X(N) on a lattice. However, this
can also be seen in the Mellin-Barnes representation which is adapted to the rRS models
instead. For instance, in the 2-body case, the representation (4.7) immediately tells us
that if X1 −X2 + + = −n1 with n ∈ Z≥0, then the hypergeometric series truncates and
becomes a polynomial in z2/z1. The first few Jack polynomials explicitly read
ψ(X1, X1 + 1 + 2) ∼ 1, (4.26)
ψ(X1, X1 + 21 + 2) ∼ z1 + z2 = p1, (4.27)
ψ(X1, X1 + 31 + 2) ∼ z21 + z22 +
2(1 + 2)
(21 + 2)
z1z2 =
1
21 + 2
(
p2 +
1 + 2
1
p21
)
, (4.28)
· · · (4.29)
where pn = z
n
1 + z
n
2 denotes the power sum basis.
Before concluding this section, let us point out that there is a further natural limit one
can take in the rRS model, which from the gauge theory perspective corresponds to a
semi-classical limit removing the disk equivariant parameter. This is the non-relativistic
limit 1 → 0 with β ≡ −2/1 fixed29
H2 →
∑
i
∂2Xi +
∑
i 6=j
β
Xi −Xj ∂Xi , (4.30)
at quadratic order in 1. Upon taking the limit, the -deformed Vandermonde determinant
coming from the 2-point function of the W1,2 screening currents reduces to its β-deformed
version
∆(1,2)( ~X)→
∏
i<j
(Xi −Xj)2β , (4.31)
29From a 2d CFT perspective, this is the heavy-charge-limit as X/1 →∞ or the classical limit as c→∞.
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and similarly for the generalized kernel (potential terms)∏
i,f
Γ1(Xi − Yf |1)
Γ1(Xi − Yf − 2αf |1) →
∏
i,f
(Xi − Yf )−βαf . (4.32)
In particular, this means that in this limit the W1,2 free boson correlators collapse to ordi-
nary 2d CFT Dotsenko-Fateev matrix models, and W1,2 algebras to ordinary W algebras.
In the example discussed before, the (dual) positions of the matrix model correspond to the
coordinates of the rRS model, while all the (dual) momenta are set to be degenerate (i.e.
fixed by β). The non-relativistic rRS Hamiltonian is also equivalent to the rCMS model
upon stripping off the vacuum wavefunction. This can be directly seen by performing this
similarity transformation on the tCMS Hamiltonian
H˜2 '
N∑
i=1
(1zi∂zi)
2 − 12
∑
i 6=j
zi + zj
zi − zj zi∂zi , (4.33)
and then taking the rational limit by setting zi ≡ exp(1yi) and keeping the constant terms
in 1
H˜2 →
∑
i
∂2yi +
∑
i 6=j
β
yi − yj ∂yi . (4.34)
We see that, having now a rational/rational model, this is again self-dual. However, the
non-relativistic limit has different meanings: in the rRS side, it rescales the positions by
a very large parameter (i.e. heavy-charge regime), while in the tCMS side it pushes the
coordinates close to the unit circle (i.e. decompactification regime).
5 Conclusions and future directions
In this paper, we have introduced a class of algebras which are naturally associated to any
4d N = 2 quiver gauge theory with unitary groups. Our construction is inspired by the
parallel KP construction regarding the 5d dimensional case and quiver Wq,t−1 algebras. In
fact, it essentially follows from their construction upon a suitable implementation of the
dimensional reduction on the algebraic side, which we have called ~-limit. This is not the
CFT-limit which reproduces the well-known AGT relation, rather our approach can be
thought as its spectral dual (in the sense of integrable systems) and the resulting W1,2
algebra are dual to ordinary W algebra, hence sharing the same conformal blocks. Our
construction has the advantage of being directly related to instanton calculus, while such
connection is not manifest in the AGT framework. This is non-trivial interplay is partially
due to the lack of manifest and simple SL(2,Z) covariance at various levels when reducing
from five to four dimensions. At the level of associated integrable systems, this is due to
the lack of spectral-self-duality, which is restored only after taking a semi-classical limit.
There are a number of open questions and further directions to explore. Probably, the
most urgent one would be a clearer understanding of W1,2 algebras from the 2d CFT
perspective. Intuitively, we may expect that they govern the integrability or recurrence
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relations of correlators by playing an analogous role in weight space as W algebras do on
the world-sheet. The precise mapping between the continuous free boson formalism and the
discrete one might be crucial for this purpose and for establishing direct connections with
previous and recent works concerning the affine Yangian and W/W1+∞ algebras [133, 134].
Also, this would probably provide us with a more solid mathematical characterization of
our algebras. Moreover, W1,2 algebras might be a helpful machinery in trying to solve
Toda theories through gauge or topological string theory techniques [123, 135–137].
Another very interesting direction to consider is what our construction has to say about
the WZW/Liouville correspondence [138, 139]. According to AGT [140, 141], this relation
appears when considering different types of codim-2 defects which can be engineered by
either coupling d.o.f. to the bulk or as monodromy defects [142–144]. The equivalence of
the conformal blocks (through a generalized Fourier transform) is then a manifestation of
an IR duality between the two gauge theory descriptions [145]. In a particular example
involving the 5d N = 1∗ theory coupled to codim-2 defects, this has been related to Witten
S-duality action [146]. Notably, this type of duality has also been related to various aspects
of the (quantum) geometric Langlands correspondence [147]. In order to understand why
we expect our work to be related to these topics, it is useful to recall that recently a
(quantum) q-geometric Langlands correspondence has been put forward [148, 149]. A
convenient way to think about it is as a correspondence between q-affine (off the critical
level) and Wq,t−1 conformal blocks for Langlands dual groups, which is strongly reminiscent
of the WZW/Liouville setup. A key role from this perspective is played by the elliptic stable
envelopes [150], which provide (part of) the connection between the two sides. Since these
objects naturally arise when studying certain aspects of 3d mirror symmetry [151], in turn
closely related to spectral duality, we naturally expect that W/W1,2 duality will fit into
another intermediate layer between geometric Langlands and its q-deformation. In order to
fully explore this possibility, the inclusion of diverse surface defects and non-simply laced
algebras in our setup would be desirable [60, 64].
Finally, another direction worth to be explored is whether T-duality of the little string
can offer another (dual) derivation of the AGT relations, along the lines of [152] but now
starting from the low energy description provided by 6d SYM. This may be achieved by
exploiting the ideas developed in [153].
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A Special functions
In this appendix, we present a summary of the special functions used in the main text and
some of their properties. For a full account we refer to [154].
Gamma function: integral definition and properties.
Γ1(X|ω) ≡ e
B11(X|ω) lnω
√
2pi
Γ(X/ω) , (A.1)
B11(X|ω) ≡ X
ω
− 1
2
= −
∮
0
dk
2pii
e−kX
k(1− e−ωk) . (A.2)
For Re(X) > 0, Re(ω) > 0 we have the integral representation
ln Γ1(X|ω) = − γB11(X|ω) +
∮
C
dk
2pii
ln(−k) e
−kX
k(1− e−ωk) =
= − γB11(X|ω) +
∮
C
dk
2piik
ln(−k) e
−k(X−ω/2)
2 sinh(ωk/2)
, (A.3)
Therefore
ln Γ(X/ω) =
∮
C
dk
2pii
ln(−k) e
−kX
k(1− e−ωk) − (γ + lnω)B11(X|ω) + ln
1√
2pi
. (A.4)
It is useful to note that
Γ1(X|ω)Γ1(ω −X|ω) = 1
S1(X|ω) ≡
1
2 sin(piX/ω)
. (A.5)
Gamma function: series definition.
Let us consider the multiple ζ-function, which is the meromorphic analytic continuation to
the complex s-plane of the series
ζ(s;X|~ω) ≡
∑
~k∈Zr≥0
(~k · ~ω +X)−s . (A.6)
The Hurwitz ζ-function is ζ(s;X|1), the Riemann ζ-function is ζ(s; 1|1). The series is
convergent for Re(s) > r and generic complex ~ω all on the same side of a line through
the origin. Since it is holomorphic at s = 0, one can define the multiple Gamma function
through
Γr(X|~ω) ≡ exp
(
ζ ′(s;X|~ω)|s=0
)
, (A.7)
where the derivative is w.r.t. the first argument. From this definition, we also get a formal
series representation of the Log Gamma function, namely
ln Γ1(a+X|ω) = ζ ′(0; a|ω)−X
∑
k≥0
(kω + a)−1 +
∑
j≥2
(−1)j
j
ζ(j; a|ω)Xj . (A.8)
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The linear term in X is divergent and needs to be interpreted as
lim
s→0
ζ(1 + s; a|ω) + ζ(1− s; a|ω)
2
= −ω−1ψ0(a/ω) , (A.9)
where ψ0(X) = Γ
′(X)/Γ(X) is the digamma function. Therefore we get the series expan-
sion
ln Γ1(a+X|ω) =
∑
j≥0
ζˆ(j; a|ω)X
j
j!
, (A.10)
where we defined
ζˆ(j; a|ω) ≡

(−1)jζ(j; a|ω)Γ(j) j > 1
ω−1ψ0(a/ω) j = 1
ζ ′(0; a|ω) j = 0
, (A.11)
A useful identity is
ζ(s; a|ω)Γ(s) =
∫ ∞
0
dk
k
ks e−k(a−ω/2)
2 sinh(ωk/2)
, (A.12)
which is convergent for Re(s) > 1, Re(a−ω/2) > 0. For s→ 1 we may use (A.9) to define
the l.h.s., for s→ 0 we may regularize the l.h.s. by defining it as ζ ′(0; a|ω).
Γq function.
The q-Pochhammer symbol can be defined by the infinite product
(x; q)∞ ≡
∞∏
k=0
(1− qkx) , (A.13)
for |q| < 1 and by analytic continuation otherwise. The Γq function is defined as
Γq(X) ≡ (1− q)1−X (q; q)∞
(qX ; q)∞
, (A.14)
and it has the undeformed limit
lim
q→1
Γq(X) = Γ(X) . (A.15)
B Continuous vs. discrete basis
Suppose we want to reproduce the 2-point function (3.32) for -Virasoro
S(X)S(Y ) = : S(X)S(Y ) :
Γ1(X − Y − 2|1)Γ1(X − Y + 1|1)
Γ1(X − Y |1)Γ1(X − Y + +|1) e
2γβ , (B.1)
by using a more conventional discrete boson(s) instead of the continuous one as we consid-
ered in the main text. By looking at (A.10), we may employ a field a(X) defined by
a(X) ≡
∑
j≥0
(a+j + (−1)ja−j )
Xj
j!
,
[a+j ,a
−
` ] ≡
1
k!`!
(
ζˆ(j + `;−2 + i0)− ζˆ(j + `; + + i0) + ζˆ(j + `; 1 + i0)− ζˆ(j + `; i0)
)
,
(B.2)
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with the normal ordering prescription of pushing a∓j to the left/right. The i0 notation
denotes a regularization which we remove after computing the normal ordering functions.
In the main text, we have been using a continuous boson to get the very same 2-point
function
s(X) = −
∫
dk
s(k) e−kX
2 sinh(1k/2)
, (B.3)
together with a prescription to deal with the normal ordering of the modes around k = 0.
Let us explore how the two approaches may be related. We may be tempted to identify
aj+ ' (−1)j
∫
>0
dk kj
s(k)
2 sinh(1k/2)
, aj− ' −
∫
>0
dk kj
s(−k)
2 sinh(1k/2)
, (B.4)
at least for j > 0. This is consistent with the resulting commutator
[aj+,a`−] ' (−1)j
∫ ∞
0
dk
k
kj+`
sinh(2k/2) 2 cosh(+k/2)
sinh(1k/2)
(B.5)
thanks to (A.12). For j+` = 0, 1, the identification is more problematic due to divergencies
which needs to be interpreted. These divergences are expected from the small k expansion
of the continuous boson, where the dangerous terms indeed arise at linear order in spectral
parameter. Let us also observe that we have not considered the zero modes properly here,
which can indeed mix with the j + ` = 0, 1 terms. Hopefully, a proper treatment of the
zero modes will establish an exact correspondence between the formalism employing the
continuous boson and a more traditional approach employing discrete modes.
C The generating and screening currents
In this appendix, we explicitly show that the -Virasoro generating a screening currents
(3.8), (3.20) fulfill the relation (3.21). We first compute
Y(Z + i0)S(X) = : Y(Z)S(X) :
X − Z − 2/2
X − Z + 2/2− i0 , (C.1)
and similarly
S(X + i0)Y(Z) = : Y(Z)S(X) :
X − Z − 2/2
X − Z + 2/2 + i0 . (C.2)
We recall that
1
X ± i0 = p.v.
1
X
∓ ipiδ(X) , (C.3)
so that we can write[
Y(Z),S(X)
]
= −2pii2 δ(X − Z + 2/2) : Y(Z)S(X) : , (C.4)
and similarly [
Y(Z)−1,S(X)
]
= 2pii2 δ(X − Z − 2/2) : Y(Z)−1S(X) : . (C.5)
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Since we can identify s(k) = C(k)y(k), we finally get[
T(Z),S(X)
]
=
d1
d1X
(
δ(X − Z)O(X)
)
, (C.6)
where
O(X) = 2pii12 : Y(X++/2)S(X+1/2) : = 12 : Y(X−+/2)−1S(X−1/2) : . (C.7)
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